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BBenenue

[lenpr0 OCBOEHHSA IUCHUILIMHBL «BBIUMCIUTENBHAS MaTEMaTUKA» SBISAETCS
(GOpMHpPOBAaHUE Y CTYJAEHTOB TEOPETUUECKUX M MPAKTUUYECKUX 3HAHUM, YMEHHUE MPU-
MEHSTh YUCICHHBIMM METOJAaMHU JJI pELIeHUs 3a4ay anreOpbl, MaTeMaTHYeCKOTO
aHaJIM3a U TOJYYEHHBIX IPAKTHYECKUX HABBIKOB C UCIIOJIb30BaHHEM DBM.

B nponecce peanuzanyy 3TON LENH PELIAIOTCS CIEAYIOIINE 3a1a4u:

- (hopMHpoBaHHE KOMIUJIEKCA 3HAHUI O YUCICHHBIX METO/aX pPEIICHUs MaTeMa-
THYECKHUX 3a/]1a4:

- U3y4YEHUE MPUOIMKEHHBIX METO/I0B PEIICHHS HEJIMHEWHBIX YPaBHEHU;

- IPUMEHEHHUE METOJIOB PELICHUS CUCTEM JIMHEWHBIX YPABHEHUN U HAXO0XKACHUSA
COOCTBEHHBIX YHCET MATPHIIBL;

- OCBOCHME AITOPUTMOB PELIEHUS HEJIMHEMHBIX CUCTEM YPaBHEHNN;

- OBJIaJICHUE METOJaMH YUCIIEHHOTO MPUOIMKEHUS TAOIUUHBIX (QYHKIUI.

- IPUBUTHUE HABBIKOB IIPUMEHEHUS YUCIICHHBIX METOJOB PELICHUI NPUKIAIHBIX
3aga4 Ha DBM.

— BbIpa0OTKA NMPAKTUYECKUX HABBIKOB HAIIMCAHUS MPUKIATHBIX IPOrpaMM Ha
A3BIKE BBICILIETO YPOBHS.

B yuebHOM nocoOum m3nararoTcst KJIacCCUUECKHUe pa3/iesibl YNCICHHOTO aHaIu3a:
METOJIbl areOphl, TEOPUU NPHUOIMKEHNUS (QYHKUMA OJHOW MEPEeMEHHOH, METOJbI
YUCJIEHHOTO0 MHTEerpupoBanus. [IpuBeneHsl 3aganus s 1a00paTOPHOTO MPAKTHKY-
Ma.

[TocoOue He mpeTeHayeT Ha MOJHOTY OCBAILEHHUS BCETO Kypca BHIYUCIUTEIbHON
MaTeMAaTUKH, HEKOTOPHIE HEBOIICIIINE METOIBI U pa3ieNibl Kypca HM3JI0XKEHHI B [ 1-5].

1. O61mme cBeeHUA

«BprancnuTenbHAs MAaTEMATHKa» SIBISIOTCS OJHOW M3 OCHOBHBIX JTUCIUILINH,
BKJIFOYCHHBIX B MOATOTOBKY COBPEMEHHBIX WHKEHEPOB TEXHUYECKUX U MaTeMaTHYe-
CKHUX CHEIHAIbHOCTEH BY30B. 3HAHHWE OCHOB TEOPUHU M CIIOCOOOB peau3aiu Yuc-
JIEHHBIX METOJIOB HEOOXOJIUMO TMPH MPOCKTUPOBAHUH U PACUETHBIX HCCIEIOBAHUSIX
COBPEMEHHBIX TEXHHUUYECKUX CpPEACTB. Takue pacdyeTsl MPOBOJATCS C MCIOIb30BAHU-
€M BBIYUCIUTEIBHBIX CPEICTB (KOMIBIOTEPHI U UX CUCTEMbI) U YUCICHHBIX METOJIOB.

Knaccuueckum cpecTBOM M3y4deHUsT MAaTEMAaTHYECKUX MOJEJEH U HCCleqoBa-
HUW Ha WX OCHOBE PEANbHBIX OOBCKTOB SIBISIIOTCS aHAIMTHUYCCKHE METOMBI, TO3BO-
JISIOIINE TIOJYYUTh TOYHBIE PEIICHUS B BHJAEC MaTeMaThdeckux ¢opmyn. HecMoTps
Ha OOJIBIITYF0 BaKHOCTh TAaKMX METOJOB, K COKAJIICHUIO, KJacc 3ajad, I KOTOPOTO
OHHM MOTYT OBITh MCIOJIb30BaHBI, OrpaHudeH. [loaToMy pelmreHne mMpoKoTo Kiacca
TEXHUYCCKUX 3aJ1ad, COOTBETCTBYIOIIMX MOTPECOHOCTSIM COBPEMEHHOW HAYKH M TEX-
HUKH, OCYIIIECTBIISCTCS YUCIACHHBIMA MeToaMu. KpoMme Toro, B HEKOTOPBIX CITydasix
ypaBHEHUE COACPKUT KOIPDUIIMESHTHI, U3BECTHBIC JIMIIb MPUOIU3UTEIHLHO, N3-3a He-
TOYHOCTH HW3MEPUTETHHBIX MPUOOPOB, W, CJIEAOBATEIHHO, caMma 3aJadya O TOYHOM
OTIpENICTICHUH PEIICHUST TepsSeT CMBICI. TakuM oOpa3oM, B KOHKPETHOW 3ajade J0-
CTaTOYHO TMOJYYUTh PE3yJbTaT C 33JaHHOM TOYHOCTHI0. OTCI0/1a HEOOXOAUMBI AJTOo-
PUTMBI TIPUOTMHKEHHBIX PEIICHU W OLIEHKU CTENEHW WX TOYHOCTH. Pemienue 3amau
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BBIYUCIIUTEIILHON MaTeMaTUKH OOBIYHO BBITIONHSETCS TIO 3TamaM MPOCKTUPOBAHMS
3aza4u Ha DBM:

1. ®uzuyeckasi NOCTAHOBKA 3a/1a4H.

PesynbpTaTom 3TOrO ATamna sBisercs oduias GopMyIupoOBKa 3aaud B COJIepIKa-
TEJbHBIX TEPMHUHAX (YTO JTaHO W 4YTO Tpedyercs ompenenuts). Kak mpasuio, 3TOT
9Tall BBIMOJHACTCS CIEIUATNCTOM B KOHKPETHOM MPeAMETHON 00J1acTH.

2. Bb1Oop MaTeMaTHYeCKO MoOae/M, aJeKBATHOH (u3MuecKoil MOCTAHOBKE
3aJa4M.

Ha sTom sTare ocymiecTBiseTcs:

— TPUBEJACHWEC OCHOBHBIX MAaTEMAaTHYECKUX YypPaBHCHHM, COOTHOIICHHM, aIl-
MIPOKCUMAITMOHHBIX (HOPMYJI, ONTUCHIBAIOIINX 33]1a9y;

— 3aJjJaHue TPAHWYHBIX U KPAEBBIX YCIIOBHIA;

— 000CHOBaHHE MATEMATHICCKON MOJICIIH.

3. BbIOop MaTeMaTHYeCKOro MeToa.

Ha »sTom stame ocymecTisiercss BoIOOp HanboJjiee 1enecoo0pa3Horo U 3KOHO-
MHUYHOT'O METOJIa PEIICHUS Ha OCHOBE UMCIOIIUXCS y UCCIIeIOBAaTeNICH 3HAHUM U HC-
X0/l U3 PECYpCOB KOMITbIOTEPA.

4. CocTaBjieHHe aJITOPUTMA.

5. PazpadoTka nporpaMMHOro odecre4eHmns.

6. AHAJIM3 penleHus 3a1a4u: 0OOCHOBAHMS MOJICIIM U METOJa ITyTEM MPUBSI3KU
K peajbHOMY OOBEKTY, CPaBHEHHUS C (paKTamu.

YucjieHHbIE METOAbI — 3TO METObI MPUOIMKCHHOTO PEIICHUS 3a1a4 MPUKIIa]I-
HOM MaTEeMaTHUKH, OCHOBAaHHBIC HA peaM3alliy aJTOPUTMOB, COOTBETCTBYIONTUX Ma-
TEMaTHYECKUM MOICIISIM.

YuciieHHbIE METO/BI, B OTJIMYHE OT AHATUTHYCCKHUX METOJIOB, JAIOT YACTHBIC
pEIICHUs, KOTOPBIE OMPENEISIOTCS B JUCKPETHBIX OOJACTSIX W3MEHEHHUs HE3aBUCHU-
MbIX niepeMeHHbIX (X"). B cuny npuOmmkeHHOTro XapakTepa BBIYMCICHHUM 3TOT Mpo-
IIECC CBSI3aH C HEKOTOPHIMU OCHOBHBIMH TPEOOBAHUSMH, OTHOCSIIUMUCS K YUCIICH-
HBIM METOJIaM.

Takue TpeboBaHMsI, KaK:

— YCTOMYMBOCTb, 3aBUCAINAS OT XOPOIIeH 00yCIOBIEHHOCTH 3a/1a4d; KOTJa pe-
3yJbTaThl pacyeTa HEMPEPHIBHO 3aBUCAT OT BXOJHBIX JaHHBIX 3anayu. [Ipu HeOoIb-
IITUX U3MEHCHMSAX BXOJHBIX JAHHBIX PE3YyJIbTaThl €€ M3MEHSIOTCS HE3HAYUTEIHHO U
TIPH JIFOOBIX MCXOAHBIX JAHHBIX BO3MOXKHOTO JIMAITa30HA MX U3MEHEHUH 3a/1aua OJTHO-
3HAYHO pa3penma.

— CXOJUMOCTH;

— TOYHOCTD;

— 9KOHOMHYHOCTb;

— JTUCKPETHOCTb;

— KOJIMYECTBA UTEPALIUH.

Hekotopsie u3 TpeOOBaHMIT SBISIOTCS MPOTUBOPEUUBHIMH, MOITOMY TPH BbI-
MOJITHEHUH WCCJICIOBAHUN TPUXOJUTCS YE€M-TO >KEPTBOBATh, HAMMPUMEP TOYHOCTHIO
WJI DKOHOMUYHOCTBIO.



Hayka, n3y4aromiasi 4MCJICHHBIC METO/bI, Ha3bIBACTCS BBIYHACIMTEIHLHOW Mare-
matukoi. [IporpamMma JaHHOTO Kypca BBIYMCIMTEIBHOH MaTeMaTHKU COCTOUT W3
TPEX OCHOBHBIX Pa3JICJIOB:

—METO/IbI aJreOphI;

—YHCJICHHBIC METO/IBI TCOPUH MPHUOIIMIKEHHIA,

—METOJIbl pEIIeHUs] OOBIKHOBCHHBIX Au(depeHInaIbHbIX ypaBHEHHH (3a71a4a
Komm 1 kpaeBbie 3a1a4mn).

MeTtoapl anreOpsl BKIIOYAOT:

—METOJIbI PEIICHUS CUCTEM JIMHEHHBIX alireOpandecKux YpaBHEHHUIA,

—METOJIbI PEIICHUS HEIMHEHHBIX YPAaBHEHUHN U CUCTEM;

—METOJIbI PEIICHUS 3a/1a4 O COOCTBECHHBIX 3HAYCHUSAX W COOCTBECHHBIX BEKTOpax
MAaTpHIL.

YucneHHbIe METO Bl TSCOPUH MPUOJIMKSHUH BKITFOYAFOT:

—METOJIbI TPUOMKEHUST CETOYHBIX (YHKITHH;

—METOJIbI YUCIIEHHOTO MU HEepeHIIMPOBAHISI M HHTETPUPOBAHUS.

2. OcHOBHbIE MCTOYHUKU MOTPELIHOCTEH

YuclieHHbIe METO/IBl — 3TO YacTh MH(OPMATHKHU, OTHOCAIIASACS K METOJI0JOTHHU
npuMeHeHus: OBM 1 penienus 3a1a4 HayKu, TEXHUKH, TPOU3BOJICTBA U MPAKTHUYE-
CKHU BceX 00acTel 4elloBEYECKON EATEIbHOCTH, B KOTOPBIX MCIIONb3YIOTCS MaTeMa-
TAYECKUE MeTObl. [lomydeHHbIe YMCIEHHBIMU METOJAMHU PE3YJIBTATHI CONEPIHKAT I10-
IPEIIHOCTD, SIBJSSACH JIUIb MPUOTUKEHUSIMHU K UICKOMBIM OTBETaM.

TuIbl NOrpemHOCTEN:

1) [TorpemHocTh MOSBISETCS HA TIEPBOM 3Tare paboOThl, 00YCIOBIECHA HE-
aJIeKBaTHOCTHIO BHIOpAaHHON MaTeMaTHYeCKOW MoJeJ M UCX0aHOU ¢uzndeckoi. Mc-
KOKEHHE MOKET OBbITh M3-32 HETOYHOIO OMMCAaHMs (PU3MYECKOro mpolecca. JTa He-
aJICKBaTHOCTh B OOJIbIIIEH WIJIM MEHBIICH CTEIIEHH MPUCYIAa BCEM MPUOIMKEHHO pe-
Ia€MbIM 3aJa4aM.

2) HetouHoCTh 3a7aHMs MCXOAHBIX JAHHBIX MIPUBOJUT TAKXKE K HEyCTpa-
HHUMOM TOTPELUIHOCTH, CBSI3aHHOW C TOYHOCTBHKO MU3MEPEHUW WM BBIYMCICHUMU WIIU
OKPYIJIEHUW TaHHBIX.

3) [TorpemHoCTh NOSABISIETCS IPU PELICHUN YPABHEHUM, 3TO NMOTPEIIHOCTD
MeToJa, T.K. METOJ JaeT MpUOIMKEeHHOe pelieHue. MIMEeHHO Takue MOrpeurHocTd
OyIyT OLIEHUBATHCS MPU PACCMOTPEHUN YUCICHHBIX METOJIOB.

4) BouruuciaurenbHass NMOrpemHocTb. VICTOYHMKAMM SIBIIAIOTCS ITPOLIECC
OKPYTJIEHHsI IIPH BBIYMCIIEHUH, orpannyeHne namsatu OBM. Ecinu xonnuecTBo ome-
pauuil IpeBBIILIAIOT TOMYCTUMbIE TPAaHULIBI, TO 33J1a4y HEOOXOAMMO YIIPOCTHUTb.

[TpubnuxkeHHbIe pe3ynbTaThl pelIeHUs 3a1ay Oecroyie3Hbl 6e3 MHPOpMALMK O
CTENEHU MX TOYHOCTH, B IMPOILIECCE BBIYMCICHHUN 00513aTE€IbHO CIEAYET BECTU y4eT
MOTPELIHOCTEM.

IMpumep

Hano pewmnrs cucremy:

-107x3+x,=1

X11+2x,=4



Ilepeviii memoO W3 TepBOro ypaBHeHHs uckmoudaeM x;=107x,-107, 3arem
x2=(107+4)/(10"+2), nomyuaem x,=1.000000, x;=0. HeBepHo.

Bmopoii memoo W3 BTOPOTO ypaBHEHHMsI UCKIIOUaeM X1=4-2X,, 3areMm
x2=(1+4*107)/(1+2*107), monyuum  x,=1.0000, x;=2.000. I[IpaBuisHO.

Omnepalyy BEIYUTAHUSA OJM3KUX IO BEJIMYMHE YUCEN MPUBOJIUT K OOJIBIIUM I10-
TPEIIHOCTSM IPY BBIYUCICHHUIX Ha MaIlMHE.

MexaHn3M BOSHUKHOBEHHSI OOJIBIINX MOTPEITHOCTEH:

— JIeTICHUE Ha MaJIble YKca,

- MOSIBIICHHE OOJIBIINX MIPOMEKYTOUHBIX PE3yJIbTaTOB,

— HOTEPst TOYHOCTH MPH BBIYMCIICHUU OOJIBIIIMX YUCEIT.

Abconiomnas nocpewnocms

[Iycth @ — TOYHOE 3HAYEHHE HEKOTOPOIl YUCIOBOM BEIWYMHBI, 8* — HpUOIH-
KEHHOE, TOT/Ia & — 8*= ¢ - MOrPEIIHOCTh 3HAYCHUSI.

JIroboe HeoTpULATENbHOE YUCIIO A, YTOBIETBOPSIOIIEE BEIPAKEHUIO:

la-a*| = | <A

-Ha3bIBAETCSl a0COJIFOTHOM MOTPEIIHOCThIO 3HAYEHUS d, a TaKXKe SBIsETCA rpa-

HULEW MOTPENTHOCTH 3HAYEHHUS 4
a*-A<a<a*+ A

U OmnpenensieTcs He0JTHO3HAYHO, BEIOMPAETCS BOZMOKHOE MEHbIIIEE YHUCIIO.

AOCOIIOTHAs MOTPEIIHOCTh SIBISIETCS OCHOBHOW XapaKTEPUCTHUKON TOYHOCTH
BbluncaeHuil. Eciu nu3BecTHa abCOIIIOTHAS OTPEIIHOCTh NPUOIMKEHHSI 3HAaUeHUs a*,
TO a* Ha3bpIBAIOT MPUOJIMKEHUEM K a C TOUHOCTBIO JI0 A..

Crnenyer uMeTh B BH]ly, YTO TOYHOCTb BBIYMCIIEHHI 3aBUCUT HE OT KOJIMYECTBA
3HAYaIUX HUQp NPUOIMKEHHBIX YMCeN a*, a OT KOJMYECTBA MX BEPHBIX LHUPP.

Ommuocumenvhas nocpeunHocmy

JIto6oe HeoTpHIIaTEIbHOE YHCIIO O, YOBIETBOPAIOIIEE HEPABEHCTBY

atal [e| A _o
a* | |a* |a*

Ha3bIBAIOT OTHOCHUTENIbHOW MOTPEIIHOCTHIO0 MPUOIMKEHHOTO YKclia a*, a Takxke
O Ha3bIBAIOT IPaHULEH OTHOCUTEIHLHON NOrpemHOCTU. OTHOCUTENBbHAS TOTPEUTHOCTD
3aMKChIBACTCS] OJJHOM, ABYMsI 3HAUALMMU [IUPpaMU U OKpyriiseTrcs ¢ u30bTkoM. OHa
ABJIsIeTCS O€3pa3sMEPHOI BEIMYMHON M YaCTO BBIPAXKAETCS B MPOLICHTAX:

A
5 < .100%.
[

Abconomuas noepeutHocms NPUOIUNCEHUS BEKIMOPOB
JIro0oe HeoTpunareabHoe yuciao A OylneM Ha3biBaTh aOCOJIIOTHOM MOTPEIIHO-
CTBhIO BekTopa a*(a;*,ax*,...,an™), sBasIOmIErOCS TPUOMMKEHHBIM K BEKTOpY
a(as,a,...,an), €CJIM BBITIOJIHIETCS HEPABEHCTBO:
max|a, ~a’|<aA.

..... n




Abcontomuas nozpeuHocms NPUOIUNCEHHBIX (DYHKYUL

[Tycte f(X)— dbynkuus Ha otpeske [a,b], p(X) — npubamkenue k f(X). JlroOyro
3aJJaHHYI0 Ha OTpe3ke [a,b] koHeuHyro HeoTpuuatenbHyo ¢yHku© R(X), ymosie-
TBOPSIOIIYIO YCIOBHIO:

[ (x) = p(x)| =[r(x)| < R(x),x e[a,b],
HA30BEM OUEeHOUHOU ()yHKYuell TPUOIMKSHHOTO PaBEHCTBA.
Oyenka eIusAHUsL NOCPEUHOCMEN ap2yMeHMa HA 3HavYeHue QyHKyuu

[Tycts Borumcmsercs BeawunHa f(X,y). IIpu HETOYHBIX BXOMHBIX JaHHBIX:
X*=XEAX, Y*=y£AYy.

AOGcoiroTHas omrOKa pe3ynbTaTa paBHa:

Af <[ (%, y*) = f (X, y)| < i|Ax|+
X

of
—||AY|.
o

OOBEKTUBHOM MGpOﬁ IMOTPCIIHOCTHU ABJIACTCA OTHOCUTCIIbHAA OIIMOKa:

el o)

Hoepemﬂocmb 8bIYUCTICHULL

Peanuzanus 4ucIeHHBIX METOJ0B CBOJIUTCA K BBIMOJHEHUIO MHOTHX MIPOCTEM-
UX apu(PMETUUECKUX ONEPALMMA TUTIA: «+», «*», «/». AOCOITIOTHO TOYHO BBIOJIHS-
FOTCH:

®  CIIOXKECHHE LIETIBIX YUCE,

®  BBIYMTAHUE LENBIX YHCET;

®  YMHOXXCHME LIEJIBIX YUCE.

Pe3ynbTaT BRINOJHEHHS ONEpPALM C LEIBIM YHCIOM HE 3aBHCHUT OT MOCJIEI0BA-
TEIBbHOCTH JAeicTBUNA. OIHAKO YK€ IIPHU ONEPALMK JEICHUS LEIbIX YACE] BO3HUKAET
omMOKa, CBA3aHHAA C OKPYIJICHHEM.

[Ipu »TOM cieAayer MOMHUTh, YTO MOJYYUTh TOYHBIE PE3YJIbTaThl MOCPEACTBOM
BBINIOJIHEHHSI 3TUX ONEpaluid ¢ BEIIECTBEHHBIMU YUCJIAMHU Ha KOMIIBIOTEPE MPHUHIIU-
MUAaJbHO HEJb3s, IaKEe B CIy4ae, €CIIM YUCICHHBIM METO/ SIBJSIETCS TOUHBIM.

Oyenka nocpewtHocmu apugpmemuyeckux onepayull

AOCOII0THAs IOTPEIIHOCTh CYMMbI U Pa3HOCTH JBYX MPHUOIMKEHHBIX YUCEIl a U

b paBHa cymMMe aOCONIOTHBIX PA3HOCTEH ClTaraeMbIX:

Aaib - Aa A Ab

OTHOCHTEIbHAS MMOrpCIMHOCTL YaCTHOT'O M IMPOU3BCACHHUA JIBYX HC PABHLIX HY-
JIFO HpI/I6HI/I)KCHHI:>IX qucCes paBHa CYMME OTHOCHTCIIBHBIX HOFpCLHHOCTCf/'I OTHUX YUCCII.

Sy =0, 48,8, =0, +5,.

o= |AX| +|=—

3. MeToabl pelieHusi HeJTUHEHHBIX YPaABHEHUI

3.1. ITocTaHoBKA 3aga4u
IIycts nano HenuHeliHoe ypaBHenue f(x)=0, roe f(x) — cbyHKumI, onpeaeieHa
U HETpepbhiBHA HA HEKOoTopoM mpoMexkyTke [a,b]. TpeOyercs HaliT KOpHH ypaBHe-
HUS, 9YUCJIA X1,..,Xn ¥ T.JI., KOTOPBIC HAa3bIBAIOTCS HYJISIMU (QYHKIIHH.
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Pemenune ocymecTisercs B 1Ba drana:

|. Haxomsitcst otpesku [a;,bi], BHyTpH KOTOPBIX COACPIKUTCS OJUH MPOCTON HJIH
KpPaTHBIN KOPEHb. DTOT 3TAll HAa3bIBACTCS NMPOLIEAYPOH OTAEICHUS KOPHEH.

Il. YTounsercs no 3amaHHON TOYHOCTH OJHHUM M3 YHCIIEHHBIX METOHOB, B KOTO-
PBIX peaqn3yrTCs MOCae0BaTEIbHbBIC TPUOIHKCHUS.

[IpakTdyeckn Bce MPUOJMIKEHHBIC METOJbl HAXOXKIACHUS KOPHEH ypaBHEHUM
OTHOCATCS K KJIaCCYy HUTEPAIMOHHBIX METOJIOB.

MeTonoM uTepanru HAa30BEM UYHMCIEHHBIA METOJ, KOTOPBIM MOCIEA0BATENBHO,
Imar 3a 1aroM, yToyHseT TepBOHaYaIbHOE, TpyOoe 3HaueHne KopHs. Kaapiii mar B
METOJIE€ HA3bIBAETCA UTEpalMel. BaXXHBIM CBOMCTBOM MUTEPALMOHHBIX METOAOB SIBJIS-
eTCs CXOAUMOCTh METO/a.

3.2. OTaesieHust KOpHei

Bynem roBoputh, 4TO KOpeHb x* ormeneH Ha [a,b], ecim apyrux xopHei Ha
ATOM OTpe3ke HeT. [l OTesneHnst KopHel MPUMEHSIOTCS JiBa criocoba: rpaduueckuii
Y aHAJIUTUYECKUM.

OcHo8y ananumu4ecko2o cnocoba COCTaBISIOT CIEAYIONINE TEOPEMBI.

Teopema 1. Ecnu ¢pynxyusa f(x) onpedenena u menpepwvigna na ompesxe [a;,b,],
npuyem Ha KOHyax ompeska [a;,b,] npunumaem 3unaueHus pasnvix 3HAKOS8, Mm.e.
f(a,)- f(b,) <0, mo na smom ompesxe codepxcumcs, no KpatiHel mepe, 0OUH KOPEeHb
x*e[a,,b,]01a komopozo f(x)=0.

Teopema 2. B ycrnosusix meopemwl 1, ecnu f(x) Henpepwignas ma [a;,b,] u umeem
KOHEYHYI0 NPOU3B0OHYIO U ee Nepeasi NPOU3B0OHAsl COXPAHEm 3HAK GHYMPU Ompe3Ka

[a;,b;] [Slgbr} f'(x) = const , mo Ha [a;,b;] Haxooumcs moabko 00uH KOpeHb ypas-
a;

nernusa f(x)=0.

Teopema Ponna. Ilycmo na [a,blonpedenena pynxyus f(x), npuuem:

1) f(x)Henpepviéna na [a,b];

2) ons 1106020 X u3 [a,b]cywecmeyem koneunas npoussoonas f'(x);

3) f(a)= f(b).

Toeoa naiioemcs mouka c €[a,blmaxas, umo f'(c) =0.

Teopema Pomnst ycTraHaBIMBaeT, CKOJBKO BCETO Pa3IMYHBIX KOPHEH MOXKET
OBITh Y YpPaBHEHHS.

I'pagpuueckuii cnocob - noctpoenue rpaguka GyHKIUKU TPUMEHSIETCS HanboJee
4yacTo, HO He 00y1aaeT OO0JILIION TOYHOCTBIO.

YacTto ObiBaeT yao00HO 3aMeHUTH YypaBHeHHE f(X)=0 Ha pPaBHOCUIILHOE
f,(x)— f,(x)=0, ¢ popmMupoBanueM npocThix QyHkiuit f,(x) U f,(x) U JgATBHEHIIINM
nocTpoeHueM rpadukoB 3TuX (GyHkruil. KopHsSiMu ypaBHEHUS SBISIOTCS aOCIUCCHI
TOYEK nepeceueHus rpagukoB y = f (x) u y= f,(x).



3.3. MeTo MOJIOBHHHOTO JIeJICHUS

Ilycte naHo HenuHelHOe ypaBHeHHE f(X)=0 W OTACJIECH MPOCTON KOpEeHb X *,
T.C. HalJCH TaKOH OTPE30K [ao,0o], uTOo X*€[a0,00] M Ha KOHIIAX OTpe3Ka (YHKIIHS
UMeEeT 3HAYCHHSI, MPOTHBOMOJIOKHBIE 110 3HAKY (f(ap)f(bo)<0). OTpesok [ap,bo] Ha3HI-
BaeTCs HavaJIbHBIM MHTEPBAJIOM HEOIPEACICHHOCTH, TPEOYeTCs] YTOUHUTh MECTOIIO-
JI0’KEHUE KOPHS YPaBHEHUS C 3aIaHHON TOYHOCTBIO €.

[Tponienypa yTouHEeHHs TTOJOKEHHS KOPHS 3aKJII0YaeTCs B ITOCTPOCHHUH ITOCTe-
JIOBATEJILHOCTU BJIOKEHHBIX APYT B ApYyra OTPE3KOB, KaXKJbIH M3 KOTOPHIX COIACPIKHUT
KOpeHb ypaBHeHHUs. JIJIsl 3TOro HaXOJIUTCS CepelMHa TEKYIIEero MHTEepBajia HeoIpe-
nenenHoctu c,=(ax+by)/2, k=0,1,2,... 1 B Ka4eCcTBE CIEAYIOIIEr0 HHTEPBaja HeoIpe-
JIEJICHHOCTH W3 JIBYX BO3MOJKHBIX BBIOMpAeTCs TOT, HA KOHIIAX KOTOPOTro (PYHKIIHS
f(x) nMeeT pazIMYHBIC 3HAKH.

[Tponecc 3aBepiaercs, Korja AJMHA TEKYLIEro MHTEpBAJIa HEOMPEACICHHOCTH
CTAaHOBUTCSI MEHBIIIC 3a/TaHHON BEJTUYIMHBI €, 3aAf0IICH TOYHOCTh HAXOKICHUSI KOP-
Hs. B kadecTBe npuOIMIKEHHOTO 3HAYCHUS KOPHS OepeTcs cepeuHa MocaeIHero nH-
TepBaJIa HEOIPEICTICHHOCTH.

B ocHOBe MeTO/1a MOJOBHHHOIO JICJICHUS JICKUT TEOpeMa O BJIIOKEHHBIX OTPE3-
kax. [locienoBaTeIbHOCTh OTPE3KOB

[a,,b]1D][a,,b,]D...0[a,,b,]>...

HA3bIBACTCA 610x0ceHHnou. [lpu ycinoBuu, 4to JJIMHBI OTPE3KOB |b, —a, >0, 3Ta

nN—o

IIOCIACAOBATCIIbHOCTD HA3BIBACTCA CT?II‘PIB&IOHIGﬁCSI.

TQOPQMCZ KCZHWlOpCl. ﬂflﬂ BCAKOLL CWlﬂZUGCllOLL;@MVC}l nocne008amebHOCmil 6J10-
IHCEHHBbIX OMpEe3Koe6 cyujecmeyem eOUHCMBEHHAS. MOYKA X*, npuHadﬂeOfcau;aﬂ 6cem
ompesKkam DMOLL NOCAC00B8AMENIbHOCHIU.

3ameuanue!

1. Meton umeeT JAUHEHHYI0, HO O0€3YyCIOBHYIO CXOJMMOCTh, €r0 MOTpelll-
HOCTb 32 Ka)KJIy}0 UTEPALINIO0 YMEHBIIIAETCS B 2 pasa:

|bk-ak|=|bo-ao| 'Z'k .
MO3KHO OIEHUTH YMCIIO UTeparuii K 11 qocTHKEeHMS 3a1aHHON TOYHOCTH &:
k >log, M.
&

2. K mocronncTBaM MeToza ciielyeT OTHECTH TO, YTO OH IO3BOJISIET HAUTH
NPOCTON KOpPEHb ISl HEMPEPbIBHBIX (YHKIUH TpU JHOOBIX do, Do, TaKUX YTO
f(ap)f(bo)<0. Hemoctarku meroma: oH He 0000IIaeTCs Ha CHCTEMbI HEITHHEHHBIX
YpaBHEHUN U HE MOXKET OBITh MCIOJIB30BaH ISl HAXOXKIACHUS KOPHEH YeTHOW Kpat-
HOCTH.
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Memoouka pewienusn HeIUHEUHO20 YPAGHEHUA MENOOOM HOJI08UHHO20

oenenus
1. Haiitn HayanbHBIN MHTEPBA HEOIpeAeIeHHOCTH [Ao,b0] omHMM U3 Me-
TOJIOB OT/EJCHHUS KOPHEH, 3a]1aTh MaJioe TMOJIOKUTEIBHOE YHCIIO € U pucBouTh K=0.
2. Haiiti cepeuHy TeKyIero HHTepBajia HEOIPEACICHHOCTH ¢, =(ax+0by)/2.
3. Ecmu f(a,)*f(c)<O, TO MONOXKUTH ayi;=8x, Diii=Ck, MHAYE i1 =Cy,
bi+=by. B pe3ynpTaTe HaxX0AUTCA TEKYIIUHA UHTEPBAT [Ax+7,04+/].
4, Ecimm |by+/-ax+1|<=€, TO mporecc 3aBepinTh: X *=(Q.+;+0i1/)/2, nHAUE

k=k+1, mepeiTu k 1.2.
3.4. MeTtona xopa
DTOT METOJl B WHTEpBajJe HEOIPEACICHHOCTH olecreunBaeT Oojiee OBICTpoe
HAXOXKJCHHE KOPHSI, 4eM METO/I IMIOJIOBUHHOTO AeneHus. [y aToro oTpe3ok [a,b] me-
auTces He mononam, a B otHomreHuw |f(a)|:|f(b)].
['eoMeTpudecku MeToll XOpJ| 3KBHBAJCHTCH 3aMeHe KpuBoi Y=f(X) xopmoii,
npoxosiiei yepes Touku (a, f(a)) u (b,f(b)) (puc.1).

fx)

o
%ﬂ x

Puc.1

YpaBHeHUE XOP/bl UMEET BU/I:
(x-a)/(b-a)=(y-f(a))/(f(b)-f(a)).
IMonaras Xx=x y y=0, nony4yaem
x® = —&(b—a).
f(b)—f(a)
[Iposepsitores 3Haku F u F”, u pukcupyercs rouka A unu B.
B cnyuae, xorna 3naku F u F” onrHakoBbl X=a HEMOABUKHBINA KOHEI[ XOP/IbI, TO
X(O):b:
F(x.)
X =X ————"" (x —a). 3.1
n+1 n F(Xn)—F(a)( n ) ( )
Ecnu mHenogsmxHsIi korer X=b, X®=q, To:
R pyy. (3.2)
F(b)-F(x,)
JIns BBISBJIIEHUSI HEMOJABMKHOTO KOHIIA MCIOJb3yeTca ycnoBue f(x)- f(t) >0,

riae t=a wiu t=b. Ecnin HenoaBmkeH KoHell @, To npuMensercs (3.1), ecau koner b —
(3.2).

n+1
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Meton o6mamaet 6€3yCI0BHOM CXOAMMOCTBIO, €CITM KOPEHb OTNIETICH Ha OTPE3-
ke [a,b]u f', f” — HenpepbIBHBI U COXPaHAIOT 3HAK Ha [a,b], Torma mnocnegoBaresb-
HOCTb X, CO3JIaHHAs 0 METOAY XOP, CXOJAUTCS K KOPHIO X*, 4TO OYEBUIHO U3 Ie0-
METPUUYECKOTO CMBICIA.

Teopema, Mo3BOJISAIONIAS OIIEHUTD MOTPEIIHOCTh METO/IA.

Teopema. Ilycmv nepsas u emopas npoussoonvie @yuxkyuu t uz ypasnenus
f(X)=0 nenpepwiénvt u coxpamnsiom nocmosinnolil 3HaK, a yucia m u M maxue, umo
0<m< f'(x) <M, x e[a,b]. Tocoa noecpewrnocmo npubaudxcenuti Kk x*, HAUOEHHbIX Me-

MoooM X0pO, OYeHUBAemcst YOPMYNOLL:
-m

x*—x,| < | X1 =X L k=12,...,

rae m=min| f'(x)|,M =max| f'(x)].
xela,b] xe[a,b]

Memoouxa pewienus nHenuHeiHbIX YPAGHEHUTI MEMOOOM XOPO
1. HaiiTu HayanpHBIA WHTEpPBAI HEONPEACICHHOCTU [dg,0o] omHMM W3 Me-
TOJIOB OT/ICJICHUSI KOPHEH, BEIOPATh Xo U3 ATOr0 MHTEpBaia. 3a1aTh TOYHOCTh BBIYHC-
JICHUI — MaJIoe MOJIOKHUTEIBHOE YUCIIO € U TIPUCBOUTH K=0.

2. OnpenenuTs HENOABUKHBIA KOHEI] OTPE3Ka.
3. Boraucinuts no peKyppeHTHOM hopMyIie Xy+1 Yepe3 X.
M -m %
4, Ecmn | X, — X, [ €, pellieHueM ypaBHEHUS - OyAET X *=Xy+1, MPO-

IIeCC 3aBepIInTh, nHaUe K=K+1, mepeiitu K 1m.3.

3.5. MeToa npocThIX HTEpaANUi
Paccmotpum unciennoe ypasuenue: y=Ff(x); f - Henunelinas GpyHkims.
VYpaBHeHrEe HEOOXO0AUMO MPUBECTU K KAHOHUYECKOMY BUIY:

X=@(X)

['eomeTpuyeckast ”HTEpOIpETAUs METO/1a MIPECTABIICHA HAa PUC.2.

(x) ;‘Z/,,




Jl1s 1eBO¥ YacTH Y=X, U1 MPaBoOi 4acTH Y= ¢(X), TaM TJe OHU EePECEKAIOTCS —
pemenue. Ha ueprexe y=X — OMCCEKTprca IEPBOrO KOOPAMHATHOTO yTIIa.

Pemmennem siBisieTcs TOUKa mepecedeHuss OMCCEKTPUCH U rpaduka GyHKIUU @ —
Touka X*. Takux TOUeKk MOXKET ObITh HECKOJBKO. B34Th Xo — HavabHOE TpUOIIIKe-
HUE, JaJIee CTPOUTCS MPOIIECC OHOIIATOBON UTEPAIINH:

Xne1=@(Xn)  N=0,1,...
JUJIsl OLIEHKH MOTPELIHOCTH En=Xn-X* Ppa3yIoKUM B psAl Teisopa BeIpaKeHUE IS
Xn+1=@(Xn). TakuMm 00pazom, Xp=X*+ge, 1
Xn+1=X*+ & 1= @(X*+ &)= p(X*)+ & (X*) +o(&).
T.k. x*=@(X*) u 0(&) — MOXKHO NIPEHEOPEUb, TTOTYIHM:
En = E,0'(X¥).

1. Ecmu |@’(x*)|>1, Torna cxonumMocTu HeT.

2. Ecmu |’ (x*)|<1, 10 |&+1|<|&| 1 MOXHO 0XMAATh, YTO MOCIIEIOBATEIb-
HOCTb Xp OYA€T CXOAUTHCA K X* CO CKOPOCTHIO T€OMETPUUYECKOM MPOTPECCUH CO 3HA-
MeHaTeIeM q=¢’(X*).

a) Ilpu @’(x*)>0 &n+1 M €, UMEIOT OJTMHAKOBBIC 3HAKHU, CXOJUMOCTh Xn K X* MO-
HOTOHHAsI.

b) Ipu ¢’(x*)<O 3HaKU €n+1 U €y pA3TUUHBIE, CXOAMMOCTH KOJIEOATEIHLHOTO Xa-
pakTepa Bo3zie X*.

c) Ilpu @’(x*) =0 &ns1— OyeT MaAJION BEIMYMHOM BBICIIETO MOPSAKA MAIOCTH
B CPaBHEHHH C Ep.

Teopema 1 (0 cxooumocmu memooa npocmvix UMepayuil u eOUHCMeeHHOCMuU
HOIYUAEMO20 peueHuUs)

Ilycmuo evinonnenwvl ycnosust.

1. Henuneiinoe ypasnenue x=@(X) umeem pewenue x*, npunaonedxcawee
oonacmu G.

2. Omobpadicenue ¢(X) sasnsemes cocumarowum 6 obnacmu G ¢ kosgdu-
yuenmom q (<1):

lp(x")- p{x)|<=qx""-x"

Tozoa:

a) pewenue x* s6nsemcs eOuHcmeenHvim peuenuem 6 oonacmu G;

0) nocredosamenbHOCMb X CXO0UMCSL K peueHuro X* co cKopocmvlo 2eomem-
puueckoii npozpeccuu. T.e. npu nob6om x° us ycnoeus ‘x* —xo‘ <R, 20e R>0 — nexomo-

, o 10owbix XX uz G.

Poe Manoe Yucio, Cnpaseoiuso HepaseHCcmeo:
‘x* — xk‘ < qk‘x* - XO‘, k=01,...

Teopema 2 (0 docmamounocmu yCio8usi cCXoOUMOCmMU Memood NPoCmviX ume-

payuii)
Ilycmb vinonneHsvl yciosust.
1. Dynryust (X)) umeem npoussoouyro ons écex x us G;
2. |’ (X)|<=q(<1) ors 6cex x uz G.
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Toeoa ¢(x) aersemcs cocumarowum 6 § C Kodppuyuenmom ¢ u nocredosa-
menvrocms x(0), ..., x(k+1), ... cxooumces xk pewenuro x*.
J1ok-Bo:
B cumy ycnosus 1 cipaBenmBa TeopeMa Jlarpanxa o KOHEUHBIX TPUPANICHUSX
o(X7)-p(X)<=(X""-X") @’(), mns Bcex X", X" u3 G, 6 m3[X’,X’’].
U3 ycnoBus 2 moaydum
lo(X”’)- o(X’)|<=q|X*’-X’|, (13 TeopemsI 1) mocnenoBarenbHOCTE X cxoauTCs K
x** B crry HenpepbIBHOCTH ((X) 6 G IMeeM MeCTO PaBeHCTBO X *=x**,
[Tonoxum, 4To X** HEKOTOPBINA KOpeHb. Jlokakem, uto X**=x*. [1oi0xum, 4TO
KOpHHU pa3HbIC
o (x)-0(x")|<alx"-x""],
TOT A
X[ =] (x*) - ()| x**-x*],
T.k 0<g<1, TO HEpaBEHCTBO BO3MOXKHO, €ClT X**=X*.

3ameuanue!

1. Merton mpoCTBIX WTEPALMN NPEACTABISAET JIMHEMHBIM WTEPAlMOHHBIN
nporiecc (MeTo ] MEPBOTO MOPSIIKA).

2. B cuiny HeomHO3HAYHOCTH 1O00pa @(Xk) BCEraa MOKHO IMOA00paTh Ta-
KUM 00pa3oM, 4TOObI BBINOJHSJIOCH YCIOBHE CXOAMMOCTH. M MOrpemHocTs BeAeT
ce0sl, KaK YJIeHbl TEOMETPUUYECKOMN MPOTrpeCcCur CO 3HAMEHATENEM (] .

Memoouka peuwienus HeIUHEUHBIX YPAGHEHUTI MEMOO0M RPOCHOIL Umepayuu

1. YpaBuenue f(X)=0 mpuBecTH K KaHOHHYECKOMY BUIY X=0(X). s cxoaumo-
CTH HYXXHO 00ECHeuuTh BBIIOJHEHUE yCinoBus |@ ' (X*)|<=q<1 (g=const). [Ipu sToMm
3aj1a4a CBOJMTCS K HAX0XKJCHUIO a0CIMCChI TOUYKH IePECeUCHUsI TIPSAMON Y=X U KpH-
BOH Y= @(X).

2.3a1aTh HauanbHoe npubmmkenue X, & — morpemHocTs , k=0.

3. BeruucnuTh crenyroliee npuoInKeHUe:

Xi+1= @(Xk).-
4. Benn |x**D-x®|<=¢, urepanum 3asepmarorcs u x*=x*",
nHaue k=k+1 u nepeiitu k 3.
BMmecTo €, eciii U3BeCTHO (], MOYKHO HCITIOJIb30BaTh *(1-q)/Q.

3.6. Meton HeroTona

Meton MO3BOJIAET CBECTHM PELICHUE HEJIMHEUMHBIX YPABHEHUM K PEIICHUIO I10-
CIIEZIOBATEIILHOCTH JIMHEHHBIX 3a7ad. Ero Ha3pIBalOT Takke METOJOM KacaTeIbHbIX.

Metox OvicTpo cxomutcs. OmHako 3ToT MeToa d((EeKTUBEH MPH BECbMa JKeCT-
KHX OrpaHMuYCHHSIX Ha Xapaktep ¢yHkumi f(X):

1. CyllIecTBOBaHHME BTOpoi mpou3BoxHou ¢yHkiuu f(X) Ha MHOXecTBe
G:{a<=x<=b};

2. yIOBIIETBOPEHKE TIepBOii mpousBoaHoil ycmosuio f (X)<>0 mis Bcex X
npuHamiexanmx G;

3. snakonoctostucTBO T (X),f (X) mmst Beex x, mpunamexanmx G.
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['eomerpuyeckas unrepnpertaius metoaa HetoToHa npeacrasieHa Ha puc.3.

A
x)

Puc.3

3anaercs navyanbHoe npubmkenne x©. Jlanee npoBoauTcs kacaTenbHas K Kpu-
Boit y=f(X) B Touke X, T.e. kpuBasg 3aMeHseTCA HA IPAMYIO JHMHUIO. B KauecTse cile-
TYIOIIETO MPUOJIMKEHHS BRIOMPASTCS TOUKA TIEPECEUCHHSI ITOW KacaTeIbHOM C OChIO
abcrucce. IIporecc mocTpoeHUsT KacaTeNbHBIX U HaXOXKICHUS TOYCK MEPECCUCHUS C
OCBIO a0CIHCC MOBTOPSIETCS IO TEX IMOp, MOKa MPHUpAICHHEe HE CTAHET MEHBIIE 3a-
JTAaHHOW BEJTMYUHBI €.
[ToryunMm pacuetHyro Gopmyny Hetotona. PaccmarpuBaem ypaBHEeHHUE
f(x)=0, (3.3)
X - yncnenHas nepemennas, f(X) - muddepenmpyemas GyHKIHS.
Ecim ¢ynkius f(X) BemecTBeHHAs!, TO €CTECTBEHHO CYUTATh HAYaJIbHOE MPH-
OJIMKCHHE Xj TOXKE BEIIECTBEHHBIM.
3amenuM ypaBHeHue (3.3) pasznokeHueM B psan Teinopa, orpaHUYHBAsCh JH-
HEWHOM 4acCThIO:
f(xo) + T "(Xo)(X1 - X0) = 0. (3.4)
OTtcrona HOBOE PHUOIIMIKCHHE:
(%)
AHaJIOTUYHO:
w1 = X, —%, n=01
n
[Mpennonaraercs, uro f’(x,) #=0.
Teopema (0 docmamounom yciouu cxooumocmu memooa Hvromona)
Ilycmsb gvinonusaomes yciosus.
1. Dyuxyus f(X) onpedenena u dsaxicowt oughgpepenyupyema na [a,b];
2.  Ompesky [a,b] npunaonesxxcum monvko 00un npocmoii kopens x*, mak 4mo
f(a)f(b)<0;
3. [Ilpoussoousie f '(X),f'(X) na [a,b] coxpansiiom 3nax u f’(x)<>0;
4. Hauanvnoe npubudICeHUe x©  yooeremeopsiem  mnepasencmesy
fx) £’ (xN>0 (3uaxu gyuxyuu u ee smopoii npouszsoonoii cosenadarom)

X

(3.5)
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Toraa ¢ momomipio meroaa HeroToHa (3.5) MOXKHO BBIYMCIUTH KOPEHb ypaBHE-
Hus f(X)=0 ¢ mo00# TOYHOCTHIO.

Iycte otpe3ok [X®,x*] man, T.e. uTepanyy BLIIONHAIOTCS BOIM3M KOPHS.

[Tonarasi, 4To YCJIOBHSI TEOPEMBI BBINOJHEHBI, paznoxuM f(X) B okpecTHOCTH
KOPHS X * J10 4JI€Ha BTOPOTo NOpsAKa.

F09), 0 = f(X(k))+(X*—X(k))f'(X(k))+(x*—x(k))2%:0,
rae £ e(x® —5,x9 +6). (§ — Manas BenuumHa).
Jlamee:

0 16" oy’

X* =X
f’(x(k)) o f ’(x(k))

f(0).

Torma
(k)2
(D _ (x*=x"")

X* =221,
2£(x")
W3 nocnegHero COOTHOLIEHUS MOXKHO CHENaTh OLIEHKY IMorpemHoctd (k+1)
NPUOIIMKEHHS YePe3 NOrPEIHOCTh K-T'0 IPUOIMKEHU:
Mo |y _y @

< = , (3.6)

(k+1)
X | <
2m,

‘x* X*

rae M, =max|f"(x)|, m, =min|f'(x).

OreHKa CBUAETEIBCTBYET O KBAAPATHYHOW CXOIMMOCTH METOJAa KacaTCIbHBIX
BOM3H KOpHs. C BBIYMCIUTCIHHON TOYKH 3PEHHS 3TO O3HAYAET, YTO HA KaKIOM
IPHOIMKEHNN KOJIMYECTBO BEPHBIX IU(P yIBaUBACTCA.

OueBuHO, OIIMOKA HA Ka)XIOM IlIare yObIBaeT, €CIIN

1&|x0 —x* <1,
2m

[TomyueHHOE YCIOBHE O3HAYACT, YTO CXOAUMOCTD MOCIEAYIOINUX IPHOIMKEHUI
3aBHCHT OT BBIOOpA HAYaILHOIO MPHOIMKECHHS. BBINMOIHEHHS HAHHOTO YCIOBHUS
MO’KHO TOOHMTBHCS 3a cUeT OoJiee aKKyPaTHOM JIOKAIH3AI[UH KOPHSI.

Meron HbroToHa SIBISETCS JIOKAABHO CXOIAIIMMCS, TaK KaK OH CXOJIHUTCS C
OIPEAEICHHON CKOPOCThIO K MCTHUHHOMY PELICHHIO MPH YCIIOBHUH, YTO CTApTyeT B
JOCTATOYHOM OJIM30CTH OT ATOT'O PEIICHUS.

Memoouka pewienus HeauHeHbIX ypasHeHuil memooom Hviomona
1. 3anate HawanbHble npubmmkenus x© Tak, YTOOB!I BHIMOIHAIOCH HEPABEH-
ctBo f(XO)*f*(x@)>0, a Taxxke manoe nonoxurensHoe uncino €. Ilonoxkuts K=0,
_fx)
(%)
3. Ecmu | X7 - X < €J[J, mporecc 3aBepUINTh M IOIOXKUTE X *=x*"" unaue
k=k+1 u nepeiiTi k myHKTY 2.

2.  Bormucouts x©* mo dpopmyie: x,,, =x,

3.7. MoauduuupoBanHblii ynpoueHHbii MeToa HooTona
31ech pou3BoOIHAsI O€peTCsl TOJIBKO B OAHOM TOUKE, BHIYMCIICHUN MEHBIIE, HO
MPOLIECC CXOAUTCS MEJJIEHHEE.
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_x _f0%)
Xn+l - Xn f ,(XO) ' (37)

3.8. Meron HeioTona — bpoiinena
DTOT METOJ| TTO3BOJISIET YBEIHMUUTH CKOPOCTh CXOJUMOCTH TIOCIICIOBATEIIEHOCTH
PUOTMKEHUT
Xn+1=Xn_Cn%1 (38)
n
rZle cn — BEIOMPAETCS Ha KAXKIOM IIare UTepaIiu, YTOObl YMEHBIIUTH 3HAYCHUE
o Moyitio [f(Xk+1)| mo cpaBHenwmro ¢ [f(Xk)|. Takum oGpazom, mpu cp=1 moxydum me-
toa HeroToHa. B ciydyae muoxoil cxoaumoctu BbiOMpaeM (<cp<l, mpu Xxopomei
CXOAMMOCTH K03(punment c,>1.

3.9. KoMOMHHUPOBaHHBI MeTO/ CEKYIIMX — XOP/1
JlaHHBIN METOJI TApaHTHPYET CXOIUMOCTD IIPH BBIOOPE JIBYX MPUOIHKEHUN Xo U
X1. MOXHO BMECTO BBIYMCJICHUS ITPOM3BOJHONM Ha Ka)KJIOM Iare 3aMEHUTbH € IMpHu-
OJIM>KEHHBIM 3HAUYCHHEM:
Fi(x) ~ f(x,+Ax)—f(x,) .
AX
Kak u B mogudumpoBanHoM metose HploToHa, mpom3BojHAs 3aMeHseTCS €&
MPUOJINKEHUEM:

(3.9)

Xn - Xn—l
X =X — AN F(x). (3.10)

HpOBepKa Ha 3aBCPHICHUC IIPpOICCCa.
|Xn+1'Xn| <E.
MeTon CCKyIIHUX yCTYyIIacT MCTOOY HrroTona 1o CKOPOCTH CXOOUMOCTH, OTHAKO
He TpeOyeT BBIUYUCIICHUS IPOU3BOIHOM, KOTOPasi BBIYHUCIISICTCS TIPUOTMKEHHO.

4. MeToabl pellieHUsl CUCTeM JTUHEHHbIX aJiredpandeckKux ypaBHeHHUit
4.1. HexoTopble cBeleHUS U3 JIUHEHHOI aireopbl

Hopwmoii BekTopa X HassiBaeTcs 4ucio, obo3Hagaemoe|X| u ymoBmeTBopsiro-

11I€€ YCIOBUSIM:
1) |x||z0,|X]|=0< Xx =0,

2) JaX| =[al-|X].a ~cxansp.
3) [x +| s |x|+ V]

IIpumepeol:

L x| =X,
2. ), =)

3. |X| =max|x; — paBHOMEpHAas HOpMA.
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BekTtopHOE POCTPAHCTBO ¢ BBECHHOW B HEW HOPMOW HA3bIBAETCSA HOPMHPO-
BaHHbIM. OTHOBPEMEHHO OHO SIBJISIETCS METPUYECKUM, TAK KaK HOpPMa OIpPEACIIIeT
METPUKY — PACCTOSIHUE MEXY JIEMEHTaMH IIPOCTPAHCTBA:

PX,Y) =X =Y|.

[Ipu pemieHuu 3aaa4y BBIYUCIUTEIBHON MAaTEMaTUKHU UCHOJB3yeTCs psia (QyHK-
LIHOHAJIBHBIX IPOCTPAHCTB:

[IpoctpanctBo C — MHOXKECTBO HENPEPBIBHBIX Ha OTpe3ke [a, b] ¢pyHKmil c
HOPMOW:

1T {|l=max]| T(t)].

a<t<b
[IpoctpancTtBo C1 — MHOKECTBO HEMPEPHIBHBIX BMECTE C MEPBOM MPOU3BOIHOM
(dbyHKIUH Ha OTpe3ke [a, b]:
I £ {l=max | f(x)|+max| f'(x)].
a<x<b a<x<b

AHaJIOTUYHO 3a4aCTCA IIPOCTPAHCTBO Ck.

['unp6epToBO MpPOCTpPaHCTBO Ly ¢ HOPMOIA:
1/p

| fli=| [(FO)PAX| rpe po1.

BrluucnurenbHass MaTeMaTUKa IPUMEHSET METObL, Ia€ OAHa (DYHKIIMS 3aMEHs-
eTcst apyroi, Oosee yaoOHOW Il BBIYMCICHMS IpolLecca, HO OJM3KOM K NEPBOM.
IIprueM B KaKI0M OKPECTHOCTH Uil TpocTpancTBa C TOBOPUM O pABHOMEPHOM IPH-
OnxkeHuu. B ruiab0epTOBOM IMPOCTPAHCTBE TOBOPUM O MPUOIMKEHUH B CPEIHEM,
MpHU P=2 rOBOPAT O CPEAHEKBAAPATUYHOM NPUOTMHKEHHH.

Hopmoii kBafpaTHoii MaTpuubl A Ha3bBaeTCs 4ncio, oOo3Hauaemoe |A| n

YAOBIIETBOPSIONIEE CBOMCTBAM:
1) A0 A=0 A=0,

2) lad] = al-|A.a —cramsp,

3) |A+B|<[Al+[8],

4) |A-B|<|Al-[8]

Hopma wmatpumel |A| coznacosana ¢ Hopmoii Bektopa X[, ecmm
|A- X||<|Al-[X]||. ImeHHO HCcTONB30BaHHE COTNACOBAHHBIX HOPM ITO3BOJIHT Jajee I0-

JaydaTh TpeOyeMble OLEHKH JUIA MOTPEIIHOCTH METOMOB IIOCIEI0BATENBHBIX IPHU-
OJIM>KEHUH, KOTOphIe OYyAyT paccMaTpUBAThCS.
Hopma matpuisl A HasbIBaeTCs noOuuHeHHOU HOpME BeKTopa X, eciu |A|

BBOJIUTCS CIEAYIOIUM 00pa3oM:
|AX]
=sup——— = sup|AX]|.
A= supli = supax]
HerpynHo BUIETh, 4TO TOJYMHEHHAS HOpPMa COTJIACOBaHA C COOTBETCTBYIOIICH

METPUKOW BEKTOPHOI'O IPOCTpaHCcTBa. B camoMm niene:
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Xl
< =[[Al orcrona |A- X[ <[|Al-[X].
X] =5 X
YtoO5I IMOJIYUYUTb KOHKPCTHOC BBLIPAKCHUC MOJYUHEHHOU HOPMbI MAaTpHUlbl 4YC-

pe3 ee DJIEMEHTHI, Hajo Halitn sup-|AX| Haiinem, nanpumep, nns |A|. — HOpMy mat-
X

PHIIBI, TOTYMHEHHYIO PABHOMEPHOM METPHUKE BEKTOPHOTO IIPOCTPAHCTBA.
ZAin il
]
Zj:Ainj < ZJ_:"A‘UHXJ“ < m?X\Xj\g\/%j\ = ”X”ZJ:‘A-J‘
CnenoartenbHo, Il BEKTOPOB ¢ |X| =1 umeem

x| < mx (A, 4] =mex S

ITokaxkeM, 4TO CyIIECTBYET BEKTOpP, Ha KOTOPOM HAWJIEHHAsl BEPXHsSsS OLIEHKa
JOCTUTaeTCA.
IIycTp MakcMMyM IpaBOl YacTH IOCJIEJHErO0 HEPABEHCTBA JOCTHUIaeTCs IPU
=i,. Torga s BeKTopa

ITycTs Y = AX, Torma |AX|=[Y|=max|y;| = max

anee

= {sign(Aioj), j=12,..., n}

IMOJIy4YUuM

= DA S ASIONA) =3 A = max D A,
J ] J
[To onpenenenuto sk paBHOMEPHOM HOPMBI JUIsl BRLIOpAaHHOTO BEeKTOpa X

A== maly - max DA,

Urax, |A|, = max Zj:Aij -

MoOHO MOKa3aTh, YTO HOPMa MATPHIIbI, MOJYMHECHHAS CBKJIMIOBONH METPUKE
BEKTOPHOTO MPOCTPAHCTBA, OMPEICIISICTCS CIASAYIOIIUM 00pa3oM:

A, =[p(ATA)T?,Tne  p(ATA)=max(1,,)— CHEKTPadbHBI pAaXHMyC MAaTPUIIBI
ATA(A"— TpaHCIOHMpOBaHHAs MaTpuua A), A,;, —COOCTBEHHOE 3HAYEHHME MATPHIIbI

TA. OmnpepenenHas TakuM o0Opa3oM HOpMa Ha3bIBAaeTCs CIeKTpaibHOW. Eciam npu

aToM Matpuna A — cummerpudHas (AT = A), torna ATA=A?, max(1,.) =[max(1, )]*,
CJICZIOBATEIILHO

IA, =[p(ATA)]Y?, THe A,— COBCTBEHHOE YICIIO MATPHUIIEL A.

3ameuanue!
1. B xoHeuHOMEpHOM JTMHEHHOM IIPOCTPAHCTBE BCE HOPMBI SKBHBAJICHTHBI
B TOM CMBICJIE, YTO €CJIU UMEET MecTo [X,| ~ — 0(x,— mocienoBaTeIbHOCTh JIIEMEH-

TOB MPOCTPAHCTBA, O—MPU3HAK HOPMBI), TO MO JIFO00H APYroil HOpME TaKKE CXOIU-
MOCTb UMEET MECTO.

19



2. Marpuna A Ha3zbpiBaeTcs mnonoxurenbHot (A>(0) (HeoTpunaTeabHON
A>0), ecimu (AX, X) > O((AX, X) = 0) aist m00bIx X = 0.J1J1s1 MOJI0KUTENHHON CUMMET-

PUYHOIN MaTpHUIbl CIPABEINBO:
max 4, >0, rae A4, — COOCTBEHHbIE 3HAYEHU MATPULIBI A.
I

3. Hopma 00BIMHO HCIONB3YETCS IJIs1 OLIEHKM MOTPEIIHOCTU Ha TEKYIIEM
niare NpuOI>KEHHS WIH IS IPOBEPKHU YCIOBHS IPEKPAICHHs] UTEPALIMOHHOTO MPO-
recca.

4.2. IllocTanoBKa 3a1a4u
PaccMoTpuM nHHEHHYIO HEOIHOPOJHYIO 3a/ady ISl CUCTeM JTMHEHHBIX anreo-
pandecKux ypaBHEHUH, KOTOpas 3alHUChIBACTCS B BUJIC:
AX =D, 4.1)
rae A — IeHCTBUTEIIbHAS MaTpuIa , b — BekTop-cTooem. X — BEKTOp HEU3BECT-
HBIX, TpUHAIIEeKAT R" — N-MepHOMY €BKIIMIOBOMY ITPOCTPAHCTBY.
auXi+ apXe + ... + aiXn =Dy

AniX1 + anpXe + ... + apXn=by . (4.2)
TpeOyeTcs HalTH pemieHue x* = (x,,x,,...,x,) U3 R" cuctemsl (4.2), moacTaHOBKa
KOTOPOTo B (4.2) MPUBOIMT K BEPHOMY paBeHCTBY AX* = D.

3ameuanue!

1. N3 nunHeiltHoM anreOpbl U3BECTHO, YTO pElIeHHE 3a/1auu (4.2) CylecTBy-
€T ¥ €IMHCTBEHHO, €CJTH ICTCPMUHAHT MATPHIIBI A OTJIMYEH OT HYJIA.

2. Oco0eHHOCTH 3a0a4u:

a) JIMHEWHA U HEOJHOPOIHA;

0) KOJTMYECTBO HEU3BECTHBIX PABHO KOJIMUECTBY YPABHECHHIA;

B) KOJIMYECTBO N /11 HEKOTOPHIX MPAKTUYECKUX 3a/1a4 BEIIHKO;

') TPYJIHO HANTH OOpaTHYIO MAaTPUILy MpU OOJIBIIKX N.

XapakTep 3aJa4d U TOYHOCTH IOJy4aeMOro pelieHus B OOJIBIION CTENCHH 3a-
BHUCST OT €€ OOYCIIOBJICHHOCTH, SIBJISIFOINEHCS BaXKHBIM MATEMATHYECKUM IOHSATHEM,
BJIMSIOIIMM Ha BBIOOP METO/1a PEIICHMS.

Bosee cTporo 00yCI0BIEHHOCTh 33/1a4i XapaKTEPU3YETCsl YUCIIOM 00YCIIOBJICH-
HOCTH V(A) :||Al|-HA*1 , Tae |A| — HopMa MaTpuubl A, HA’lH — HOpMa 00paTHOM MaTpu-

upl. Yem Oomblie 3TO 4YUCIO, TEM XYK€ OOYCIOBIEHHOCTh cUCTEMbl. B kauecTBe
HOPMBI A MOYKHO MIPHUHSTH YHCIIO, SIBJISIOLIEECS] MAKCUMAJIbHBIM U3 CyMM (IO MOY-
JI10) BJIEMEHTOB CTPOK 3TOM MaTpPHUIIBI.

'l Peanuzanusi Xopouen WK mioXxod oOyCIOBIEHHOCTH B 3aJlayax HAMpsAMYIO
CBsI3aHa C YHCIICHHON YCTONYMBOCTBIO U HEYCTOWUYUBOCTHIO.

B yucnenHoM aHanu3e MCHOJIB3YIOTCS [BA KJIACCA YHMCIEHHBIX METONOB pelle-
HHUS CUCTEM JIMHEUHBIX YPAaBHECHUM:
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1. IIpsimMbIe METOABI, TO3BOJISIIOIIAE HAUTH PELIEHUE 34 ONIPEAECIEHHOE YU C-
7o onepanui. K npsiMbiM MetoiaMm oTHocsATcsa: MeToJ ["aycca u ero moaudukanuu,
meron LU — paznoxxkeHus u np.

2. WTepaiimoHHble METOJIbI, OCHOBAaHHBIE Ha HCIIOIB30BAHUU MOBTOPSIO-
HIErocsl Mpollecca U TMO3BOJISIIOUIUE TMOMYYUTh pPEUICHUE B pe3yJsibTaTe MOocie0Ba-
TEJIbHBIX NMpUOMKeHnit. Onepanuu, BXOIA11Me B TOBTOPSIOIIUNICS POLECC, COCTaB-
nst0T utepanuio. K urepaiinoHHbIM METO/IaM OTHOCATCS: METOJ MTPOCTHIX UTEpAIHii,
MeToJ 3eiaesns u ap.

4.3. Ilpsimble MeTObI pellieHHs] CHCTEeMbI JIMHEIHBbIX YPABHEHM it

4.3.1. Memoo I'aycca

Meron ['aycca cOCTOMT B HCKIIIOUEHHMM CIAracéMbIX CUCTEMBI IIyTEM €€ PAaBHO-
CWJIBHOTO TpeoOpazoBaHusi. MeTon pa3OuBaeTcs Ha JIBE COBOKYIHOCTH OTMEpAINid,
KOTOpbIE pa30MBaIOTCS YCIOBHO Ha MPSIMOM M OOpaTHBIN XOJI.

a) Ilpsamoli XOJ COCTOMT B HMCKIIOUEHUHU HJIEMEHTOB, PACIOJIOKEHHBIX HUXKE
AJIEMEHTOB, COOTBETCTBYIOIIMX TJIABHOW JUaroHayv Matpuibl A. Matpuna A npeo6-
pasyeTcsl K BEpXHETPEYroJbHOMY BUAY C €AMHUIIAMU Ha TJIABHOM JHaroHau.

0) OOpaTHBIN X0/, U3 MaTPHUIILI A* onpeenseM Mmociae0BaTeIbHO Xp,. .., X1.

Hazo pemuts cucmemy anredpandeckux ypaBHenuit AX = b:

auXi+ apXe + ... + aiXn =Dy
AxiX1+ axXe + ... + axmXn =Dy

An1X1 + @naX2 ... + AnnXn = by
Hy>xHo npeoOpa3oBarh K TPEyroiabHON MaTpule.
CrnemaeM 1mocieI0BaTeIbHO:
1 wae:

-1
X, :(611_)(%)(2 +...+a1nxn)+i.

1 1
Ncknrouaem U3 X1 BCEX YpaBHEHUMN 110 CUMIUIEKC — IPABUJTY:

p q
P q
[r s}_) 0 s-I|

p
rAe P - BEAYLIUH 3JIEMEHT; ( - 3JIEMEHT BEAyLIEN CTPOKH; I - JJIEMEHT BEIYILETO
CTOJIONA; S - MPOU3BOJILHBIN JJIEMEHT.
Benymuii ameMeHT BHIOMpAETCs MO TJIABHOW HUAaroHad MATPUIIbI, U3 MPOU3-
BOJIBHOTO 3JIEMEHTA BBIYMTAETCS MPOM3BEICHUE JIEMEHTOB BEIyILIECH CTPOKU Ha Be-
YA CTOJIOCI, JeJICHHOE Ha BEIYIIUN JIEMEHT.

. a,. b ..
[Ipu i=1 umeem a@ =L ;p® ==L j=i,...n.
1j a 1 a > 5

11 11
B o0miem cnydae,
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(k-1)

(k-1) K—1) 1 (k-1
) akj )blg :

(
() _ (k1) ) _p kD Ry
a;” =aj - w0 o =bT - : (1) ! (4.3)
akk akk
riae k-momep mara i=k+1,...n-1, j=i,2...n.
[Tonyunm
a; &, a, bl
0 & - b
0 0 a% Co =
0 0 0o . :
0 0 0 0 a"?) (b

OOpatHbBIf X0/, HAYWHAS C TOCJIEIHETO YPaBHEHHUS, IMOCIEI0BATEILHO ONpee-
JISIEM Xn, Xn-]_, ey X]_
(n-1)
X :bn_
n (n-1) ?
ann
(k-1) \ (k-1)
X = =KL , (4.4)

(k1)
a‘kk

3ameuanue!

1. Ha ocHoBe mpsiMoro xoja ImyTeM MEPEMHOKEHUSI BEAYIIMX 3JIEMEHTOB
BBIUUCIISIETCS OIPENIETUTENb MAaTPULBI A.

2. N3n0keHHBIM METOJ UMEET OTpaHUYEHHUE, CBSI3AHHOE C TEM, YTO BEIY-
M€ DJIEMEHTHI d11,d22, ...,ann U T.JA. JOJDKHBI OBITh OTIIMYHBI OT HYJS U HE JIOJKHBI
OBITH MaJbIMU IO MOJYJIIO, TOCKOJIbKY MOTPEHIHOCTH BBIUMCIEHUIN OyAyT OOJbIIN-
MU.

Takum 00pa3zom, HOPSAOK MOCIENIOBATEIILHOCTH HCKIIOUYEHUS HEU3BECTHBIX
MOJKET CHJIBHO CKa3aThCsl Ha PE3yJIbTaTaX pacueToB. Y MEHBIIUTh OMAaCHOCTh TaKOTO
poja Mo3BOJISIOT MOAU(DUITMpOBaHHBIE BapuaHThl MeToaa ['aycca. Haubosnee Hanmex-
HBIM SIBJIIETCSI METO]] ICKITFOUEHHS ¢ BEIOOPOM TJIABHOTO JIEMEHTA.

B meroze INaycca-Kopnana (c BBIOOpOM IIaBHOTO 3JIEMEHTA) B KAUeCTBE BENY-
[IMX DJIEMEHTOB BHIOMpAETCs] MaKCHUMalbHOE M0 MOJIYIIO @ji MMyTeM mepedopa 3ThX
AJIIEMEHTOB MO CTOJOIY, COOTBETCTBYIOIIEMY STOMY BEIYIIEMY JJIEMEHTY WM IO
BCEM CTOJIOIIaM.

Memoo ['aycca ¢ 8blO0pom enasHo2o s1emenma no cmoioyy

[Tepen uckIOUEHUEM X1 OTBICKMBAETCS Max|aii| 1o 1. JlomycTiM, MakCUMyM CO-
oTBeTCTBYET i=ip. TOrma mepBoe ypaBHEHHE B HCXOHOM CHCTEME MEHSIEM MECTaMU C
lp ypaBHeHHEM. [1ociie 3TOro OCyIIeCTBIIsIeM MEPBBIi IIar HCKITFOUEHUS. 3aTeM Mepe/
UCKJTIOYCHHEM X2 U3 OCTaBIIMXCS YpaBHEHHI OTBICKMBaeM MaX |aiz| , rme 2<=i<=n,
OCYIIECTBIISACTCS COOTBETCTBYIONIAS IIEPECTAHOBKA YPaBHEHUH.

MOo3KHO MOKa3aTh, YTO YCIOBHE JHArOHAILHOTO MPEOOIaJaHusl OCTACTCS CIpa-
BEUTMBBIM ITOCJIC Ka)KJOTO Illara UCKIYCHHA B MPOIECCE MPUBEICHUS MATPHIIBI K
TPEYroJbHOMY BUY, T.C.
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, g Beex k=1,2,...,n-1. (4.5)

n
() (k)
‘a“ ‘>Z‘ai,-
j=k

J=
i#]

9t0 O3Ha4acT, 49TO ICPCa KaXXIbIM HCKIIOYCHUCM oqepe):[Hoﬁ HEU3BECTHOM
IJIaBHBIM DJIEMEHT 6y,H€T HaXOOUTHCA B ((Hy}KHOﬁ IIO3UIINI).

PaCCMOTpeHHI)Ie MOI[I/I(I)I/IKaHI/II/I MCTOJda Faycca IMO3BOJIAIOT, KaK IIPaBUIIO, CY-
IMMCCTBCHHO YMCHBIIUTL BJIMAHUC IIOTPCITHOCTHU OKPYIJVICHUA Ha PC3YJIbTATBI pacyuc-
TOB.

Memoo ['aycca c 8blbopom enasHo2o siemenma.

a, ... 0 ... a,
apq
a, ... 0 .. a,

[Tpu epBOM X0J1¢ MPOM3BOJUTCS BHIOOP HAUOOJIBIIETO TI0 MOYJIIO 3JICMEHTA U
BBITIOJTHSETCS IIEPECTAHOBKA CTPOK HJIA CTOJIOIOB. DTO MOBHIIIAET TOYHOCTH BBIUHIC-
JeHus. 3aTeM MPOBOAMTCS MpeoOpa3oBaHUE JIEMEHTOB IO MHEMOHUYECKOMY TIPaBH-
7y, T.C. 3allOMHHAETCs TJIaBHAs CTPOKa, TJIABHBINA CTOJOEI OOHYISICTCS, MOJydaeM
HOBYIO MaTpHIly ¢ MCHBIIIUM YHUCJIOM CTPOK M CTOJOIOB. BHOBE ompenenseM rias-
HBII 37eMeHT. [IpeoOpa3oBaHre IPOBOAMM JI0 TEX TIOP, IIOKA HE OCTAHETCS CTPOKa U3
JBYX DJIEMEHTOB, T.O., ITOJIy9aeM TPEYTOJbHYIO MATpHILy, Jajee HadMHaeTCs oopaTt-
HbIi X011 (4.4).

4.3.2. Metoo Xonecckozo
Metox onupaeTcsi Ha BO3MOXKHOCTh MPECTABICHUS MaTPHIILI B BUJIE TIPOU3BE-
JICHUS ABYX TPEYTOJILHBIX MATPHII:
A=LU.
L - HmkHAS TpeyroyibHas MaTpuiia; U - BepXHsIs TpEeyrojbHas MaTpuIa.
Pemenne cucTteMbl CBOAUTCS K IMOCIEAOBATECILHOMY PEIICHHUIO IBYX IMPOCTHIX
CHUCTEM C TPEYTOJIbHBIMH MaTPHUIIAMH.

3ameuanue! Beskyro kBajpaTHYIO MaTpuIily A, UMEIOIIYIO0 OTJIMYHBIE OT HYJIS

8, &,

y... TNIABHBIC MHMHOPBLI MOXHO IIPCACTABUTL B BHUJIC LU-paSJ'IO)KCHI/ISI,
a21 a'22

.

pUYEM ITO pa3lioKeHHe OyAeT eTMHCTBEHHBIM.
N3 cootnomenus A=LU crnenyer:

Ill 0 0 .. O 1 U, Ugz ... U, U, a4, ... Ay
L, 1, 0 ... 0][0 1 u, .. U, U,,
_Inl InZ Inn_ _0 0 O 1 unnJrl_ _anl anz e ann+1_

[Tomy4yum a1 iepBoit CTPOKH U CTOJIONIA:
23



l, =a;, 1=12,..,n
a,; )
uij = — J=2,3,...,n+1-
Ill
Ananoruano s i1>=j u i<j:
k-1
i =ay =D l;u; i=12,..,n
=1
1 (4.6)
a‘kj - Z Ikmumj
Uy =— M j=k+1..,n+1.
Ikk
OOpatHbIi XO:
Xn = unn-*—l
" . (4.7)
X, =U,,, — Zuikxk i=n-1..1
k=i+1
3ameuanue!
1. [Tpu GomnpiIOM YKcie YpaBHEHUN MPSIMBIE METO/IbI PEIIEHUS CUCTEM JIH-

HEHHBIX anreOpanyecKux ypaBHEHUN CTAHOBATCS TPYIHO peaiu3yeMbIMU Ha KOMIIb-
I0Tepe, MPEXIE BCEro M3-3a CIOKHOCTU XPAHEHUS MPOMEXKYTOUYHBIX PE3YJIBTATOB U
ornepauuii ¢ O0JbIIMMU MaTPULIAMHU.

2. Cy1iecTBYIOT pa3IMYHbIE CIOCOOBI MPEACTABICHUS MAaTPULIBI A B BUJIE

A:Al*Ag* cee >X<Am,

rae kaxzaas Aj umeet yaoOHyto (popMy A pelieHus] CUCTEMbI TMHEHHBIX ypaB-
HeHnil. Kak npaBuiio, m<=5. Torna B pe3yapTaTe peleHHs OCIEeN0BaTENBHOCTH CH-
CTEM

A1b1=bo, Azby=bs, ..., Anbm=bmn.1 MOKHO HaliTH HCKOMOE pelICHHE .

4.3.3. Memoo mpexmoueuHnoii npozoHKuU
OO6m1ast mocTaHOBKA 3a/1a4H.
Jlana cuctemMa JTMHEHHBIX anreOpandecKux YpaBHEHHHM C TpeXIuaroHaJIbHON
MaTpPHIICH C TUarOHAJIHHBIM MTPEOOIaJaHIEM.

ax,—bx+cx,,="f,a=c =0i=12..,n. (4.8)
TpeOyercs HANTH PEIIEHUS X=(X1,X2, ...,Xn) CHCTEMBI.
[IpuBOAMMBIN HUXKE aITOPUTM HOCUT HA3BAHUE METOJA TPEXTOUYECYHOU MPOrOH-

KU U SIBJISIETCS CIICIMAJIbHBIM CIydaeM MeTojia MCKItoueHus: ['aycca. PaccmoTpum
CIEAYIOUIYIO JIMHEHHYIO CUCTEMY:

b, ¢, 0 0 ... O0][x d,

a b, c, 0 ... 0|Xx d,

0 a b ¢ ... O X | _ d, (4.9)
0 0 C A} bn a0 G || X d n-1
0 0 0 a b || x| [d]
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YroObl HA4YaTh HUCKIIOYEHUE, Pa3/eiNM IMEpPBOE YpaBHEHHE 3TON CHUCTEMBI Ha

. d
AuaroHaJIbHbIM JJICMCHT b1 H HCIIOJIb3yCM 0003HaYCHUS p, = < m q, = b_l .
1

[Ipenmnonoxxkum, 4To Mbl UCKJIIOUMIIM BCE HYJIEBBIE MOJAMArOHAIbHBIC SJIEMEHTHI B
nepBbIX i —1 cTpokax. B 3ToM ciayyae cuctema npeoOpa3yeTcst K BUIY:

1p 00 0 0 .. 0][x o,
0 1 p,b 0 O o .. ©0 X, d,
P 0 .. 0 X, Gis
= , 4.10
a, b ¢ ... 0]lX d; (4.10)
0 .. 0 0 0 a, by Cuf|%a| [d
0 .. 0 0 0 0 a b |[x] [d/]

Tenepp, 4TOOBI HMCKIIOUWUTH MOJJUATOHAJIBHBIM 3JE€MEHT a, B i-U CTpOKE,
YMHOXUM (i—1)— 10 CTPOKY Ha &, W BBIYTEM €€ U3 i-U CTpOKU. B pesynbrare i-s
CTpOKa Halllel CUCTEMBI IPE0OpazyeTcs K BUAY

(b| -8 pi—l)xi +CXy =0 — 80

YroObl MOJNyYNUTh €IUHUIYY Ha IJIABHOM JMAaroHajld MaTpPHILbI, pa3leiauM i -io
cTpoKy Ha kod(p¢uiment (b —ap,,). B pesyibrare mis 3J€MEHTOB p, U §, B
OKOHYATEJIbHOM BUJE i -i CTPOKH MOJTy4YaeM cieayromue GopmMyJb:

C . G
= i=2,...,n-1 =—,
pl bi _ai pi_l pl b1 (4 11)
i:m, i:2,...,n, qlz—l-
Q‘@Q4 Q

[Iponoikas UCKIIOYEHNE, TIOJIy4aEM CUCTEMY YPAaBHEHUU C IBYXAUArOHAIBHOU
MaTpULEH BUIA

1 p 0 0 0 || % 0,
01 p, 0O .. 0 X, g,
P | (4.12)
O .. 01 p,, O Xi-2 O
0O ... 0 O 1 P || Xnt Ons
0 ... 0 0 0 1]l x /| [a

OTO TMO3BOJSIET 3amMcaTh pPEKyppeHTHble (QOpMysbl Jii  BBIYUCICHUS
HEU3BECTHBIX X,
Xn = qn !
X; =—PiX,, +0;, i=n-1...1.

(4.13)

BBuay omacHocTH OOpaiiieHHss 3HaMEHATeNs B HOJb BO3HHUKAET BOIPOC 00
YCTOMYMBOCTH PEIIEHUS, TAKAM YCIOBHEM SIBJISIETCS TUArOHAIBHOE MPeoOiiagaHue B
HCXOHOM MaTpuue: |b|>[a;|+|c;| 1 Beex i. B aTom ciyuae [pi|<1.

HOKEB&TGJIBCTBO MCTOAOM MHAYKIINU:
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[Tycth |pi1|<1, Torma
il < o ol _lal_
bi - pi—lai| - Hbi|_|pi—1”ai ” Hbi|_|ai ” |Ci|
YTBepxkaeHue nokasado. U3 Toro, uto |b, — p;a|>|c;|>=0, To ecTh 3HaMeHATETH

pi| =
|

B (hopMyJiax OTIMYEH OT HYJIS.

OTMeTHM, 4TO METOJI MMPOTOHKU OTHOCHUTCSI K 3KOHOMUYHBIM METOAaM. DKOHO-
MHUYHBIMA Ha3bIBAIOTCA METOJMbI, IS KOTOPBIX YHUCIO HEU3BECTHBIX TPEOYEeMbIX
apu(pMETHISCKUX OIepaIuii MPONMOPIHOHATBFHO YHCITY HEM3BECTHBIX. DTOT METOJ
TpebyeT nopsaka 8N onepanmii, meron [aycca nopsaka N® oneparuii.

4.4, UTepaninOHHBbIE METOAbI PELIEHUSI CHCTEM JIMHEIHBIX YPaBHEHU
AJBTEpHATHBOW MPSMBIM METOJIaM SIBIISTIOTCSI UTEPAIMOHHBIC, OCHOBAHHBIC HA
MHorokpatHoM yrounennu X9 — npubnukenHoro pemenus 3agaun Ax=h. Bepxaum
HMHJIEKCOM B CKOOKax oOO3HaAdaeTcsi HOMEp HuTepaluu (COBOKYITHOCTH ITOBTOPSIIO-
IITUXCS ICHCTBHI).

4.4.1. Memoo npocmoii umepayuu
JIns peuieHuss CUCTeMY JIMHEHHBIX ypaBHEHHH AX=D HpHUBOIMM K KaHOHHYE-
CKOMY BH]IY:
auXi+ apXe + ... + aiXn =Dy

(4.14)
aniX1 + anXz + ... + apnXn = bn.
Breipazum x, x,,..., x,:
_b Ak, anX
L=
all a‘ll a'll
— b_n _ a‘lZXZ _ _ a‘nn—an—l
o =2 :
ann ann ann
Takum oOpazom , mosryuum X=CX+f , rie
a a
o -*= ... -2 -+ (©
a, a; a 1
o 0 , f= ], x©O= . (4.15)
0 b, %
a a n
-2 _Znnt 0 = N
ann ann
NrepannoHHbIi NpOLIECC 3AIULLIETCS BUAE:
X =e® 4 f (4.16)

3ameuanue!

[Ipouiecc Ha3pIBaeTCS NapayIeIbHBIM UTEPUPOBAHUEM, TAK KaK JIJIsl BBIYUCIICHUS
(k+1)-ro mpubnM>KeHHs BCEX HEU3BECTHBIX YUYUTHIBAIOTCS BBIUMCIECHHOE paHee uX
k-¢ npubmkenue. Havansnoe npubamxkenne x© BpiGupaercs mpou3BoIIBLHO.
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BoszHukaror BOmpocsl 00 YCIOBUU CXOIUMOCTH U O TOM, KaKOBa MOTPEHIHOCTb.
OTBeT Ha BOIPOC O CXOAUMOCTH JAIOT CIICAYIOIIUE IBE TEOPEMBI

Teopema 1. [lna cxooumocmu umepayuti (4.16) k pewenuro cucmemor (4.14)
docmamouHo, ¥mobbl 6 KaKol-1bo HopMe BbINONHANOCL ycaosue ¢ <q<1, mozoa

He3asucumo om 6b160pa x(o) 6blNOJIHAENICA

Hx(k) —X||< qux( "X, 20e x* - mounoe pewenue (4.14).
JlokazaTenbCTBO:
U3 (4.14) umeem x*=Cx*+f .
Brraurtaem u3 (4.16) x®-x*=C(x*D _ x*),

[TosIy4uM OIEHKY ITOTPENIHOCTH
e R P P R |
o4eBHAHO, 4TO mpH <1l limx® = x*,

k—o0

3ameuanue!

1. YcaoBue TEOpEMBI, KaK JOCTATOYHOE, SBIISICTCS 3aBBIIIICHHBIM.

2. Cxopsuuiics mporecc 001a1aeT CBOMCTBOM CaMOUCITPaBIIsSIEMOCTH.

3. VYcaoBue cXOAMMOCTH BBITIOIHSIETCS, €CJIM B MaTpUlle A JUaroHajbHbIC

aJIeMEeHTHI IpeodanarT. Haue MoayIu quaroHadbHbIX KOA(POHUIIMEHTOB B KaXXI0M
YpaBHEHHH CHUCTEMBI OOJIBIIIE CyMMBbI MOAYJCH HEAUMAroHAIBHBIX KO3(P(UIIMEHTOB.
YeMm MeHbIIIe BeTUIMHA HOPMBI MaTpuIlbl C, TEM OBICTPEE CXOIUTCS METO/I.

Teopema 2. Jina cxooumocmu umepayuii (4.16) x pewenuro cucmemor (4.14)
HeoOX00UMO U OOCMAMOYHO, Ymoobwvl 6ce coocmaennvle 3navenus mampuywvt C no ao-
COJIIOMHOU enuqune ovlau menvuie 1.

3ameuanue!

XoTs TeopeMa 2 naet 6oJiee o0Iee yCIoBUEe CXOAMMOCTH METO/Ia MPOCTHIX UTe-
paruii, 0JJHAKO €10 BOCIIOJIb30BAThCS CIIOKHEE, TaK KaK HY)KHO BBIYUCIUTH TPAHUIIBI
COOCTBEHHBIX 3HAUCHUM.

Jlnst Toro, yToOBl TaHHBIM MPOIECC CXOAUIICSA, HEOOXOIUMO, YTOOBI HOpMa MaT-
putibl C Obl1a MeHbIIe 1 WM BBITIOIHSUTHCH CICAYIOIIUE YCIIOBUS:

n
Dl l<a<l i=12,...n
R (4.17)
dleylkp<1 j=12,..n
i=1
Toraa crpaBeIMBEI OLIEHKHA CKOPOCTH CXOJUMOCTH:
1% —x® |< % max | {9 —x{D
! ! 1_ o i=l..n
| x, —x{ |< 'B Z| x{) —x D, (4.18)

Meton pabotaer sydie, eciii AMaroHaJbHbIE AIEMEHThl 3HAUUTENBHO MIPEBOC-
XOJISIT OCTAJIBHBIE.
Merton umeer psl MPENMyLIECTB:
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1. MOTPENTHOCTh OKPYTJICHUS CKA3bIBACTCS 3HAYUTEIHHO MEHBINE, YEM B
metoze [aycca;

2. METOJT CaMOMCIIPABJISIFOIIMIACS, OTACIbHBIC OMIMOKH MPHU OMPEICIICHUN
OUYEPETHOTO BEKTOpPA MOTYT PACCMAaTPUBATHCS KaK HOBBIM HAYAJIBHBIA BEKTOD;

3. METOJl yI00€H B pa3pelleHHbIX Marpuiax (B Kod(pduimeHTax CTOUT
MHOT'O HyJIEH);

4. IPOIIECC JIETKO MPOrPaMMHUPYETCSI.

KonudecTBo omepanuii A1 BBITIOJHEHUS 3TOT0 METO/1a MPUOTU3UTEITHLHO PAaBHO
(2n?)K, rue K - xonmuuecTBo npubmMKeHnit. Ecay momycTiMas IMOrpenIHOCTb JOCTH-

n o
racrcs 1npu k < E , TO MCTOA UTCpAll CTAHOBUTCA MPCAINIOYTUTCIIBHCC MCTOAA Fayc—

ca.
KpOMC TOIr0O MCETOABI I/ITepaHI/Iﬁ MOT'YT OKa3aTbCiA IPCAINNOYTUTCIIBHCC C TOYKHU
3pCHUA YCTOI‘/’I‘-IHBOCTH BBIUNCJICHUM.

Memoouka pewienus cucmem JTUHEHHBIX YPACHEHUIL MEMOO0OM RPOCM O
umepauuu
1. TIpeoOpazoBath cuctemy Ax=b k Buay x=cx+f.
2. 3azmarth HauanbHOoe Npubmkenne xOu Tounocts €. IMonoxurs k=0,
3. Beruucauts npubmmkenue mo Gopmyine x <V =cx®+f,
4. Ecmu BeimonHeHo yemosue [x*“ —x®| <&, To mpomecc 3aBepumth U M0ITO-

KUTB x *=x*1) ynaue k=k+1, nepeiitu k myHkry 3.

Memoo 3euioens
SBnsiercss MOAM(DHUIIMPOBAHHBIM METOJOM IPOCTOM HWTEPAlWH, JAeT JIYYIIYFO
CXOAMMOCTDH M SKOHOMHUT mamsTh. [Tpu Haxoxaenun (K+1)- mpuOarvbkeHus cpasy ke
UCTIOJIB3YIOTCS HalICHHBIC 3HAYCHUSA K KOMITOHEHT NMPUOIMKEHUS ¢ MCHBIITUM HOME-
poM.

(k) 1 (k-1) (k-1) (k-1)
X =_(f1_a12X2 —ay3X; —e A X, )
a‘ll
«w 1 () (k-1) (k-1)
X, =—(f,—a, X, —QyXs —..—@8yX, ) (4.19)
22
1
(k) _ (k) (k) (k-1) (k-1)
Xn =— ( fm — QX e T Qg X T Qi X e T 8 Xy )
amm
3ameuanue!

1) Meton 3eiinens rapaHTUPOBAHHO CXOJUTCS:

a) BBITIOJHSETCS YCIOBUE AMArOHAJIBLHOTO MPeoOIiafanus, SBISETCS J0CTaTOY-
HBIM YCJIOBHEM, HO HE SIBJIIETCSI HEOOXOUMBIM,

0) 71 MaTpUIl CAMMETPUYHBIX U MOJOXKUTEIHHO ONPEIEICHHBIX.

2) B oaMHAKOBBIX YCJIOBHUSIX METOJA 3eWJiesniss CXOAUTCS MPUMEpPHO B JiBa pasa
OBICTpee MeTOo/Ia MPOCThIX uTeparuii. Metos 3eiaens MOXKET CXOIUThCS, €ClIU pac-
XOJIUTCSI METOJ MPOCTHIX UTEpalnii, U HA000pOT. Takxke SBJISIETCS CaMOUCIIPABIISIO-
IIUMCsI, YIOOHBIM B TI0JIb30BaHUM Ha DBM, SJKOHOMHT MaMsTh.
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5. MeToabl pelieHHus 321241 HA COOCTBEHHbIE 3HAYEHUS U COOCTBEHHbIE
BEKTOpa MaTPHIl

5.1. [locTranoBKa 3a1a4u

PaccmoTtpum cnepyromyto 3agady JuHeWHON anreOpel. OHa XapakTepusyercs
onepauusaMu Haj Mmatpuiieil A. Ecnu BekTop mpaBoil yactu 3 B mpeoOpa3oBaHUU
AX=f umMeer To ke HampaBJIeHUE, YTO U X, TO COCTaBJstoue i BEKTOpa B JOIKHBI
OBITH MPOMOPIIMOHATBHBI Xj U TTOTYYAETCSI COOTHOIICHHE:

AX=1X, (5.1)

rae A - N CKaJISApHBIX BEIMYHMH (COOCTBEHHBIC 3HAUCHHUS MaTpuibl A), a X —

BEKTOP COOCTBEHHBIX 3HAUEHUH, COOTBETCTBYIOIIUI COOCTBEHHBIM YHCIIaM. JTO CO-
OTHOIIIEHNE PAaBHOCWJIBHO CUCTEME OTHOCUTENHHO X:

(A-AE)X=0, (X#0). (5.2)

Bexmopul X, ynosnerBopsitoiue cucteMe Axi=Axi, i=1,2,..., n,

Ha3bIBAIOTCSI COOCTBEHHBIMU BEKTOPAMH.

CoOcTBEHHbIE 3HAUEHUS SBIIAIOTCS KOPHIMH XapaKTEPUCTUUECKOTO YPaBHEHUS:

|A-AE|=0. (5.3)

Pa3nuuaroT noJiHy0 U YaCTUYHYIO MpoOieMy COOCTBEHHBIX YHCEll, KOrjJa HeoO-
XOJMMO HalTH BECh CIEKTP WM YacTh criekTpa: p (4)=max|Ai(A)| wma min|i(A)|. Be-
JM4YMHA p(A) Ha3bIBAECTCA CIEKTPaAIbHBIM paguycoM. CylecTByeT JBa Kiacca METO-
JIOB: TIPSIMbIE METO/Ib, I/I€ COCTABJISIETCS XapaKTEPUCTUUECKOE YPABHEHHUE U pelIaeT-
sl IpUOJIMKEHHO, U UTEPAIIIOHHBIE METO/IBI.

Hcnonb3yeM psJl HOHATUN TEOPUH MATPHILL:

Martpuiia OpTOroHaIbHAs, CCIIH:

ATA=E.
Marpunbst A u B - mogo0HbIe, ecimi cymiecTByet MaTpuiia P:
B=P!AP.

Ecnu A MOXHO NMPUBECTH K AMATOHAIBHOMY BHUAY, TO CTOJOLBI MaTpulbl T 00-
pa3yroT MOJIHYI0 CHCTeMYy COOCTBEHHBIX BEKTOPOB MATPHIIbI, & AUArOHaJbHBIC dJIe-
MEHTHI SIBIISIFOTCS COOCTBEHHBIMH 3HAYEHUSIMHU.

[Tomo6HBIE MATPHUIBI UMEIOT OJIMHAKOBBIE COOCTBEHHBIE 3HAYCHUSI.

JlokazaTenbCTBO:

NMeeM: 1o onpenenenuio nogoous — B=P1AP; u3 omnpenenenns co6CTBEHHBIX
3HaueHuii — AX=AX.

YMHOXUM Ha MaTpuiy P

P1AX=AP1X

u nonoxkum  X=PY, Torna noxyuum

PIAPY=AY, umu BY=AY.

[TomoOHBIE MATPHUIBI HE TOJBKO MMEIOT OJMHAKOBBIE COOCTBEHHBIC 3HAUCHUS,
HO 1 UX COOCTBEHHBIE BEKTOpa CBsI3aHbl: X=PY.

B Teopuu maTpuIl paccMaTpHBAIOTCS CIEAYIONINE OCHOBHBIC MOJOKEHUS:

1. Bce N coOcTBeHHBIX 3HAUYEHUH J1I0OONM BEIIECTBEHHONW CHUMMETPUYHOMN
MaTpuIlbl N*N — BemecTBeHHbIe. OOBIYHO MATPHUIIBI B TEXHUYECKUX 3a]a4aX CUMMET-
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puuHbl. [lon0XHUTENBEHO ONpeieNIEeHHAs MaTpULla UMEET CIEKTP AEUCTBUTENBHBIX I10-
JIO’KUTENIbHBIX COOCTBEHHBIX 3HAUECHUH.

2. Ecnu Bce »dneMeHThl KBagpaTHOW MAaTpULBl IOJOXKUTEIBHBL, TO
HauOoJblIee M0 MOAYII COOCTBEHHOE 3HAUEHUE IOJOXKHUTEIBHO U €MY COOTBET-
CTBYET COOCTBEHHBIN BEKTOP C MOJIOKUTEIbHBIMA KOMIIOHEHTAMHU.

3. CoOcTBEHHBIE BEKTOPBI, OTBEUYAIOIUE PA3IMYHBIM COOCTBEHHBIM 3Haue-
HUSIM MaTpHIbl, OPTOroHanbHbl. Habop M3 N IMHENHO HE3aBUCUMBIX COOCTBEHHBIX
BEKTOPOB 00Opa3yeT 0a3uc B paccMaTpuBaeMoM IpocTpaHcTBe. K-kpaTHOMy KOpHIO
XapaKTePUCTHUECKOTO YPAaBHEHHUSI COOTBETCTBYET HE OoJiee K TMHEHHO HE3aBHUCUMBIX
BEKTOPOB.

4, CoOCTBEHHBII BEKTOP MaTPHILIbl, YMHOKEHHBIN HA MPOU3BOJIBHOE YUCIIO,
€CTh TaK)ke cOOCTBEHHBIN BekTOp. Ecnu X - cOOCTBEHHBIN BEKTOP, TO U UX — SBISET-
Cs1 COOCTBEHHBIM BEKTOPOM, [l - IPOU3BOIBHOE YHCIIO.

5. BemecTBenHas mMaTpula, €CliM UMEET KOMILJIEKCHbIE COOCTBEHHbIE 3Ha-
YEeHMsI, HE MOXKET ObITh MPUBEEHA K TPEYTOJbHOM MAaTpHUIE C TOMOIIbIO BELIECTBEH-
HOro npeoOpa3oBaHus. JII0Oyr0 MaTpuily MOKHO NMPUBECTU K MOYTH TPEYrOJIbHOU

dhopme.

5.2. Haxo:kaeHue Hau00JIbIIEro mo MoayJil0 COOCTBEHHOT0 YMCJIa MATPHUIIbI

[Tycth 3a1aH0 XapakTepucTuieckoe ypasuenue (5.3).

Kopuu storo ypaBHeHus A1, A2, ..., Ay SBISIIOTCS COOCTBEHHBIMHU 3HAYEHUSAMU
Matpuilbl A, UM COOTBETCTBYIOT BEKTOpa XD X@ XM,

[Tycts |A1| HanOOdBIIKE 1O MOAYIIO. [{JIst MATPHIIBI C JCHCTBUTEIBHBIMH H 10~
JIOKUTEIBHBIMU KO3 (PUIIMEHTaMU UMeeM HauOoJbllee EeHCTBUTEIbHOE COOCTBEH-
HOE 3HaUYCHHUE.

[TpousBosibHBIN BEKTOP Y Pa3JIOKUM 10 COOCTBEHHBIM BEKTOpPaM MaTpuilbl A

Y = Zn:c (X0,
j=1
[Ipeobpazyem Matpuiry: |
AY = zn:c JAX D,
-1
T.k. X9 co6cTBEHHEI BEKTOp, TO AXG);AjX(j) TIOJICTABUM:
AY :Zn:cj/ljx“') :
1

AY HaszoBeM utepanueii Bektopa Y, obpasyercs AY, AZY . AMY.,
OO0t BUI UTEPALIMOHHOTO Mpoliecca:

A"Y = ¢, A7x W (5.4)
j=1

PaccmoTpuM BekTop B NieBoii uactu YMW=A"Y B HekOTOpOM BEIOpaHHOM Oasuce:
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Yl(m) Xl(j)
Yz(m) n N X éi)
EDNIYS :
= .
Yn(m) X rgi)
PaBILCJII/IB BTOPYIO CYMMY Ha IICPBYIO
n n
(m+1) _ m+1 (m) _ m
Y =3 e X AT HA Y™ =D ¢ X AT
j=1 j=1

IMOJIy4YHuM:
Y, e XA e X A

in“"n

Y™ e XA+ X AT

in”™n

roJjiaraem, 4to C;20, X1 20:
m+1 m+1
X. X (A

) 14 92702 (/12} o ol ( ”]

Yi — Clxil 2’1 Clxil A‘l
Yi(m) . m . m

1+C2X|2 (Z‘ZJ +“.+Cnxln (ﬂn}
ClXil Al ClXil Al

lim-—=4;

m—oo Yi(m)

_(m+l)

A - 1pu Mo, (5.5)

Yi(m)

JIi1sl yCKOpPEHHs CXOJMMOCTH MOKHO COCTaBUTh MOCJIE0BATENFHOCTD
A A2 A* A8y ..

Memoouka peutenus 3a0a4uu HAX0HCOCHUA HAUDOONbULECO COOCHBEHHO20
3HAYEHUA MAMPULbL

1. BolOpath MpOU3BOJIBHOE HAYaJIbHOE MPUOIMKEHHE COOCTBEHHOIO BEKTOpa
Y. k=0.
1
Yi

2. Haiitu y* =A*y°, /ﬁz—oa

rae 1<i<n mx=1.

3. Brerumcinute y**t = A*y¥,

k+1
i

o 13 i

4. Haittu 4"~ =) y —, Tae 1<i<n.
N Y,

5. Eciu ‘ﬂf“—lﬂsa TO MPOIECC 3aBEPIIMTh W TOJOKUTH A, =A ", HHaue

Kk=K+1 u nepeitu Kk n.3.

3ameuanue!
1. Tlpu HEeymauyHOM BBIOOpPE HAYATBHOTO MPUOIKEHHS Tpesena MOXKET He CY-
IIECTBOBATh.
2. Ilpu mpoBeneHUH HEKOTOPOTO YHUCIA HUTEPAlUid PEKOMEHAYETCS «TaCHUTh
pacTymiue KOMIIOHEHTHI MOJyYaroerocsi COOCTBEHHOT'O BEKTOpPA, HOPMUPOBATH €rO0.
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5.3. HaxoxkaeHue BTOPOro cOOCTBEHHOT 0 3HAYEHUS MATPHUIIbI
ITycth: [An|< ... < |Ag| < |A2] < |\, T.€. ABA OTIMYHBIX APYT OT Apyra COOCTBEH-
HBIX YUCJIA A1 U A2
AmYZClﬂ,lmX(l)'F Czﬂ,zmx(z)‘h.. + Cn/lnmx(n) ,
Am+1Y=Clﬂ,1m+1X(1)+ C212m+1x(2)+ ...t Cnﬂnm+lx(n).
Hckimrounm 4iieHs! ¢ Ay
Am+1Y-ﬂlAmY=Czﬂzm(ﬂz-ﬂ,l)x(z)+ e Cnﬂnm(ﬂn-/ll)x(n).
O603HaunM A\ — pa3HOCTH
A ATY=ATTY-JAMY,
[Tpu m—-> o0
A,llAmYzCzﬂzm(ﬂg - /11) X(Z) *)
A,MAm'lecz/lzm'l(ﬂ.z - /11) X@) )
Paznmenum (*) na (**).Torma st | — ol KOMIIOHEHTBI BEKTOpa:
- ALY Yi(m+1) _ﬂlYi(m)
2 AﬂinnH - Yi(m) _ﬂlYi(mil) .
[TocnenHuii KOpeHb MOKHO OMPENICTUTh U3 YCIOBHUSA, YTO CIIE] MaTpUIllbl A pa-

BEH S, :Zn‘/li :Zn:a” :
j=1 i=1

(5.6)

5.4. MeTtoa BpameHuii
[Ipu peanuzanuu MeToja BpalleHUuil mpeoOpa3oBaHue MOA00US TPUMEHSETCS K
MCXOJHOW MaTpuie A MHOTOKPAaTHO:
AKD —(HYTAH  =(HTAH* |, k=0,1.... (5.7)
B kauectBe H Oepercst opToroHanbHas maTpulla, Ha3blBaeMas MaTpulleil Bpa-
nieHust AAIkoOu, 3aBUCUT OT yTriia ¢ :

1 0 .. .. 0

o 1 ... .. .

......... cosp® .. —sing* .. .| (5.8)
......... sin " cosp® .. .

......... .. 0

0o .. .. 0 1

Ha KaXA0M HIare HTEpanui B KaA4YE€CTBC ajj BBI6I/IpaeTC$I HGI[I/IaFOHaJIBHBIﬁ
HauOOJIBIINHI 10 MOAYJIXO 9JICMCHT, BBIYHUCJIACTCA YI'OJI BPpAIlICHUA

1 2ak

k 1]

= arct .
¢ 2 g a; —al

Omnpenensierca Matpuna H, npuBoasinas 3TOT 3JIEMEHT K HYJIIO.

Memoouka pewenus 3a0auu
1. Monoxuts k=0, A’=A u 3a1aTh TOUHOCTB.
2. BuimenuTs B BepxXHEW TpeyrojabHON HaJIIMaroHaIbLHON YacTH MaTPHIIBl MaK-
CHMAJTBHBIH 10 MOJIYJTIO DJIEMEHT &, i<].

ij?
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3. Eciu /ai‘}/ <g, mpu I<>], To mporecc 3aBepmiuTb. COOCTBECHHBIC 3HAYCHHUS
ornpenensores GopMyIon A =a,i=1n, HHa4Ye MPOIECC POIOIIKACTCS.
4. Haiitu yron noBopota 1o ¢popmyJe, IpUBEICHHON BhIIIIE.

5. CoctaBuTh MaTpHuIly BpauieHust H.
6. Beruuciauth ouepenHoe npubInKeHue

Ak+l=HkTAka.
ITepeiiTu Ha 1.3.

3ameuanue! KoHTpOIIb IPABUIBHOCTH BBIMOJHEHUS JEHCTBUIA MO KaXAOMY I10-
BOPOTY OCYLIECTBIIIETCS IIyTEM COXPAHEHUS CIIE/a.

6. MeToabl pelieHHs1 CHCTeM HeJIMHEHHBIX ajredpanyeckux ypaBHeHMii

[TpuknanHeie 3a1aun, XapaKTEpHBIC JJISI TPOCKTUPOBAHUS COBPEMEHHBIX OOBHEK-
TOB HOBOI TE€XHHUKH, YaCTO CBOJSITCS K MHOTOMEPHBIM B OOIIEM CiTy4yae HEJITUHEHHBIM
YPaBHEHUSM, KOTOPBIE PELIAKOTCS METOAOM JIMHEApU3allUH, T.C. CBEICHUEM HEIIU-
HEWHBIX YpaBHEHHM K JIMHEHHBIM. B o0miem ciiydae cuctema N ypaBHEHUI ¢ N HEU3-
BECTHBIMU 3aIUCHIBACTCS B BUJIE:
£ (X, Xy 00y X, ) =0;
f, (%X, X500, X,,) =0;

f (X, Xy X, ) =0, (6.1)
rae f,, f,,.., f, — QyHKOUU N MepeMeHHbIX, HETMHEHHbBIE B HEKOTOPOH 00JacTH
Gu3zR".

6.1. Metroa HeioTona
JlaHa cuctema N ypaBHEHUH ¢ N Hen3BecTHBIMH (7.1).
O603HaunM:
fL (X, 00 X,) X,
P(X) = : X o=l
fo(X,.. 0 X,) X,

B BekropHoii opme: P(X) =0, rae P(X) — BekTop QyHKIIHU.

Jlig Bcex paccMaTpHUBAaEeMbIX Jlajiee METOJIOB TpeOdyeTcss HaXOAUTh HayalbHOE
npubmkenne X, B ciaydae N=2 310 MOXHO caenath rpaMUEcKH, ONPENeInB KO-
OpIIMHATHI TOYKH MEPECCUCHUSI KPUBBIX, OMUCBhIBaeMbIX ypaBHeHusmu f1=0, ..., f,=0.

O603HaunM mMaTpuily AxoOu:

[ of, (X, X)) Of, of, |
X, x, o,
P'(X) = : (6.2)
of, of, o,
X, ox, o, |

HonaraeM, 4TO OMpCACIUTCIIb MATPUIIbl OTJIMYCH OT HYJIA.
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Ecnu Mb1 He 3HaEM TOYHOE pelleHre, TO 3aMEHsIeM MPUOIKEHHO ypaBHEHUE HA
JIMHEWHOE, aHAJIOTUYHO Pa3JI0kKEHUIO B psj Telnopa:
P(Xo) + P’(Xo)(X - Xo) = 0;
P(Xn) + P’(Xn)( Xns1 - Xn) = 0.
VMmuoxkaeM Ha obparayro matpuny [P(Xn)] ™
dopMyna s HaXOXKJEHUS PEUICHUsl SABJISIETCS €CTECTBEHHBIM 0000IIeHHEM
MeTtona HeroTOHA [IT pelieHns HEMMHEUHBIX YPABHEHUM:
[PXIP(X) + X = X, =0;
Xn+1:Xn_[P’(Xn)]71P(Xn)' (63)
Petenue cucreMsl ajist N=2 yepe3 00paTHYIO0 MaTPUILY:
of (kD) of (kD
@2 - pen @
0X, OX, _
of D F KD f D f (DY
( 0%, OX, 0%, 0X J

Xl(k) _ Xl(k—l) .

(k—l) . 8Xl axl
> - - - —.
( of kY of kY j ot kY of & 1)J
0%,  OX, 0%,  OX

x{) = x

Tak kak nmpouecc BbIYUCIEHUSI 00paTHON MaTpULbl SBISETCA TPYIOEMKHUM, IIpe-
obpa3yeMm K BHY:
AX® =—[P'(x®)|* - P(x®),k =01,..., tme Ax® =x(k*1) )
YMHOkaeM nocieqHee BhIpaXKeHue cieBa Ha MaTpuily SkoOu:
P'(x®). Ax® = —p'(x®). [P (x®) [ P(x®) = —P(x®¥),k = 01....,
WIn
P'(x%). Ax® =—P(x®),k =01,... (6.4)
B pe3ynbrare nojiyueHa cuctemMa JJMHEHHBIX allreOpanyecKuX ypaBHEHU OTHO-
cutensio Ax®. Tlocie ee onpeneneHus BBIYUCIAETCS CIEAYIOLIEE NPHOIMKEHHE:

k+1 k k
x(+):x()+Ax().

Memoouka pewienusa cucmemul HeAUHEHUHBIX YPasHeHUull memodom Hviomona
1. 3a1aTh Ha4YaJIbHOE MPUOJMIKEHUE, TOYHOCTH MOJIOKUTH K=0.
2. Pemuth cucTeMy IMHEWHBIX alreOpanyecKux ypaBHEHUN OTHOCUTEIIHHO

P'(x®)- Ax® =—P(x).

3. Boruncnuts crnegyroiiee npubImKeHue:
k+1 k k
NCCRENCIWCE
4. Ecmu A*™Y = max‘xi(k*l) - xi(")‘ < &, TO pelIeHne HalICHO.
|

WNuave noem Ha m.2.
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Teopema (0o docmamounvix ycnosusax cxooumocmu memooa Hotomona)
Ilycmo ynxyus P(X) nenpepwiena, oughghepenyupyema 6 omxpolmom ebinykiom
muoxcecmee G R". Ilpeononoscum, umo cywecmsyrom x* eR", u r, b>0, maxue umo
o(x*,r)={xeR" :|x-x*<r} < G, F(x*)=0, u cywecmeyem [P'(x*)]?, npuuem
[Pree] | <b u
IP'(x) = P'(x")|| < #|x'—x"|, WX, y € S(x*,r) .
Toz0a cywecmsyem &>0, maxoe umo o4 ecex x0 e&d(Xx*,€) nocredosamens-

nocmuv xY, x@, ... noposcoaemas coomnowenuem no memooy Horomona cxooumes u
Y00811emeopsiem HepaseHCmay

K+1 K 2
Hx( o —x*ﬂ < bny( ) —x*‘ k=01,...
3ameuanusn!
1. Teopema CBUIETENBCTBYET O JIOKAIBHOM KBAaJPAaTUYHOH CXOJIUMOCTH
metoa HeroToHa.
2. Henocratku metona HeroToua:

a) HeOOXOJUMOCTb 337]aBaTh JOCTATOYHO XOPOIlIee HaYyalbHOE MPUOIHKEHUE;

0) OTCyTCTBHE III00ATBHON CXOUMOCTH JIJIs MHOTHX 3a]1a4;

B) HEOOXOAMMOCTb BBIYUCIICHHS MaTpULIbl IKOOU Ha KaXKJ0i UTEepalnu;

') HEOOXOJIMMOCTh PEIICHHS Ha KaKJI0M UTEpalli CUCTEMBI JIMHEMHBIX ypaBHE-
HUM, KOTOpas MOXKET OBITh TJI0XO 00YCIOBICHHOM.

3. JIOCTOMHCTBOM METOJA SIBJISETCS KBaJpaTU4Has CXOAUMOCTb M3 XOpO-
IIEr0 HaYaJIbHOTO NPUOIMKEHUST TIPU YCIOBUU HEBBIPOXKIEHHOCTH MaTpHULIbI SIKoOu.

6.2. MeToa npocThIX HTEpALUI
JlaHa cucrema N ypaBHEHUM ¢ N HEU3BECTHBIMMU:
f, (X, X,)=0

f, (X, X,)=0,
rae f,(X.,..,X,)=0 — HeluHelHble (YHKIINH, ONPEIeIICHHbIC U HEMPEPHIBHBIC B
HekoTopoit obmactu G 3 R" .
Jlns mpuMeHeHus: MeToia TpeOyeTcsl MPUBECTU CUCTEMY K KAHOHUYECKOMY BU-
ny:
X =@ (%, X,)
: (6.5)
Xo = @ (X500 X, )
N B BexTopHO hopme X=@(x), pyHKIIMMU ¢h; onpeie]IeHbl U HETPEPHIBHBI B
OKPECTHOCTH M30JIUPOBAHHOTO PEIICHHS X*.
UrtepannoHHbIN IPOLIECC 3AIIUCHIBACTCS B BUJIE:

x“? ="y k=01,.. (6.6)
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Memoouka pewtenusa cucmemovl HeJTUHEHUHBIX YPAGHEHUTL
Meno0oM RPOCMbIX Umepayuil

1. [IpuBectu cucteMy K KaHOHUYECKOMY BUY W IPOBEPUTH YCIOBHE CXO-
JTUMOCTH.
2. 3anath HayaJgbHOE MPUOIMKEHHS YJIOBIETBOPSIONIEE YCIOBUIO CXOAU-

MocTH. k=0, e-TO4HOCTB.

(k+1) (k)

3. Beraucimte X =@(x ),k =01,...

“* — x| <&, To mpouecc 3aBeprmen u x*=x**Y, unave k=k+1

4, Ecmn max‘xi
I

Y TIEPEUTH K 1.3.

3ameuanue!

1. WrepanmoHHbId MPOLIECC COOTBETCTBYET MapauIeIbHOMY HTEpPUPOBa-
HUIO.

2. Cucrema MOXeT OBbITh ITpeoOpa30BaHa K KAHOHUYECKOMY BHJy pa3iiny-
HBIMH CIOCO0aMU TaKUM 00pa30M, YTOOBI BBIOJIHSIOCH YCIOBHE CXOJIUMOCTH.

3. B kayecTBe ycllOBHS OKOHYaHUS IMPOILIECCA MOXHO HMCIOJIb30BaTh pas-
JUYHBIE HOPMBI BEKTOPOB.

Teopema (0 0ocmamouHnvIX yCa06UAX CXOOUMOCHIU MEMOOA NPOCHIBIX
umepayui.
Ilyemo pynxyuu o, (X)ue, (x),i =0.1,...,n, nHenpepoieuvt 6 ooracmu G, npuuem 6bi-
NOJIHEHO HEPABEHCMEBO

maxmaxz <q<l, (6.7)

99; (x)
xeG ) 8)(J
20e (| - Hexomopasi NOCMOSIHHAA.

k1) ®)
Ecnu nocreoosamenvnocmo npubaudicenut X = =®P(x '),k=01,... He ebix00Um

uz oonacmu G, mo npoyecc nocied08amenbHblX NPUOIUNCEHUL CXOOUMCSL K BEKIMOPY
X* eOUHCMBEHHOMY peueHUr) CUCEMD.

3ameuanue!
1. BmecTo ycnoBust (6.7) MOKHO MCIIOJIH30BATh:
(X
maxmaxz 0n () <q<1, (6.8)
xeG j Py Xj

2. Ycnous (6.7), (6.8) BBIMONHAIOTCS, €CIIU IS JIIOOOTO X, MPUHAIICKAIIETO
G, crpaBeIIMBBI HEPAaBEHCTBA
oD
ox

oD

<1,
ox

<1, COOTBETCTBEHHO, I'1€

1 2
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_a(/’l(xiv"'xn) op, 8(01_
ov 0% oX, OX,
o o9, 90, g,

X ox, o, |

/. YucaeHHbIe METOAbI TEOPHUH NPUOJIMKEHUH

7.1. O01mas MOCTAHOBKA 33/1a44 M KJacCU(UKAIUA METOI0B
B BBRIUMCIUTENBHON TPAKTUKE YacTO MPHUXOAUTCS HMETh JIeJ0 ¢ TabIMIaMu
3HayeHu GyHkiui. B popmMe Tabmaui; oObI4HO 0DOPMIISIOTCS PE3YIbTaThl KCIIEPHU-
MEHTaJIbHBIX UCCIIEIOBAHUM, PE3YJIbTATHl PACUETOB, IPOBEICHHBIX HA DBM.
[TycTh dyHKIMS 3aaHa MHOKECTBOM CBOMX 3HAYEHUH JIJIsi JUCKPETHOTO Habopa
TOYEK

X (X)
Xo yo
X1 Y1
Xn Yn
Xi - TAOJMYHBIC apTYMEHTBI, Vi — TaOauuHbIe 3Ha4YeHus pynkuuu (i=0,1,...,n).
yi=f(xi). (7.1)

OmHOM U3 caMbIX YacTO BCTPEUAIOIIUXCS MPUKIIATHBIX 3aa4, CBI3aHHbBIX C Ta0-
JTUYHBIMA (PYHKIUSIMHU, SIBISIETCS WX aHAIMTHYECKOE MPUOIMKEHHE Ha OCHOBE 3a-
JAHHOM TaONUIIBl 3HAYEHUU. A UMEHHO, TOMCK TaKOW aHAIMTUYECKH 3aJJaHHOU BBI-
yucisiemont pyHkimu P, koTopast 6;1M3ka K TaOJIUIHOM:

f(x)=P(x), x€/a;b] (*).

[Ipeanonoxum, 4ro TabnuyHasg U NpUOIMAKEHHAs PYHKIUMU CUHUTAOTCS OIMU3-
KHMH, €CJIM 3HAYEHUs 3TUX (PYHKIUH B TaOJMYHBIX apryMeHTax coBmnaaatT. Crocob
AHAJIUTUYECKOTO TIPHUOIIKEHUSI C BBITIOJHEHHEM yKa3aHHOTO CBOMCTBA Ha3bIBACTCS
HWHTEPIIOJIMPOBAHNUEM.

B oOmiem Buze 3aaua HHTEPHIOIUPOBAHUS GOPMYITUPYETCS CIEAYIOMUM 00pa-
30M: JJIs TaONMMYHOM (DYHKIUU TpeOyeTcs HaWTU JOCTATOYHO MPOCTYIO HM3BECTHYIO
byHKUIMIO P, yTOBIETBOPSAIONIYIO COOTHOIIIEHUSIM:

Pi)=yi, (i=0,1,2,..., n). (7.2)

B stom cnyuae ynkius P HazpiBaeTcs MHTEpHoaupyroie ¢yHKIuen, a Tad-
JUYHBIC apTYMEHTHI - y3JlaMU UHTeprnoysiuu. Ecnu uaTepnonupyromas GyHKIUs p
HaiieHa, To Ha oTpeske [a,b] Oymet umers MecTo pUOIMKEHHOE paBeHCTBO (*), KO-
TOPOE HA3BIBACTCSI UHTEPIIOJISIITUOHHON (hOPMYJIIOH.

WuTepnionsumronHas ¢opMylia TOYHA B y3JIaX UHTEPIOIALNN, HEOOXOIUMO OI1e-
HUTH MOTPEITHOCTD B cllydae, koraa X=X (i=0,1,...,n).

CymIecTByIOT HECKOJIBKO CITOCOOOB MPUOIIKEHHS, B KOTOPBIX MO-Pa3HOMY TO-
HUMaeTCs 01130CcTh Mexay GyHKIusmu f u P:

a) mpuOIKeHHs] PYHKITUYA WHTEPTIOIAIIUOHHBIMH MTOJTMHOMAMU;
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0) cpemHEeKBaapaTUYHOE MPUOIMKEHUE, KOT1a MUHUMU3UPYETCS CyMMa KBa/l-
paTOB OTKJIOHEHWH MOJMHOMA OT 3aJlaHHbIX 3HaueHud QyHkuuu (Meton HauMEHb-
KX KBaJpPaTOB):

e=Y (P(x)-¥)".

7.2. lloiMHOMMAJIbHOE HHTEPIOJIMPOBAHNE
JIJisi BOCTIOJTHEHUSI MCXOJHBIX TaOJIMYHBIX (PYHKIUN UCKOMBIMHU ()YHKIIUSMHU,
KaK MPaBUJIO, UCIIOJIb3YIOTCSl alireOpanyecKre MHOTOWICHBI. 3a7ada MOJIMHOMUATb-
HOT'O MHTEPIIOIUPOBAHUS BCET/Ia UMEET PEIlICHHUE.
Teopema. Ilycms 3a0ana mabauunas gynxyus f ¢ n+1 apeymenmamu. Toeoa
cyujecmayem eOUHCmMEeHHbll MHO20UJIeH
Pa(X) = aogX" + arx" T+ ax" 2 + ... + ay,
cognaoarowuti 8 mouxax Xi ¢ Yi
Pn(X) =Yy 1=0,1,2,...,n. (7.3)
JlokazaTenbCTBO:
Teopema OynmeT moka3aHa, €CIIH IMOKAKEM, YTO PaBEHCTBO (7.3) onpeaeseTcs
€AMHCTBEHHBIM HA0OPOM KO3(DPUIIMEHTOB MHOrOWIEeHa P,
aXg +axit+...+a, = f(x,)
a X +a X " +...+a, = f(x)

QX! +a X+, +a, = f(x,).
[TocTaBUM y37I0BBIC TOYKH B MHOTOYWIEH, MOJYYMM CHCTEMY ypaBHEHH ¢ N+1
HCH3BECTHBIM:

n

n-1 n-2
Xo o X o e X 1

n n-1 n-2 l

[Tomyunnu onpenenurens Bannepmonaa. T.x. cpeau ducen Xo X1 ... Xn HET COB-
MAJAI0MINX, TO OH OTJIWYEH OT HYJs, CIEAOBATEIBHO, MHOTOWIEH CYIIECTBYET, CHU-
cTeMa pa3pelirmMa, MHOTOUYJIEH OTJIMYEH OT HYJIA.

3ameuanue!

1. Ha camom pniene creneHb MOJIMHOMA MOXKET OKa3aThCsl MEHbLIE, KOI/ia MoJy-
qarcs HyJIeBble KOA()(PUIIMEHTHI IPU CTAPIINUX CTETIEHSX X.

2. MOXHO MOCTPOUTHh MHOKECTBO WHTEPIIOJIAIIMOHHBIX TIOJTMHOMOB Py CTETICHH
k>n. B aToM cityyae cuctemMa coIep>KUT OOJIbIIe HEM3BECTHBIX, Y€M YHCIIO ypaBHE-
HUH.

7.3. OnleHKa NOrPelIHOCTH MHTEPIOJIUPOBAHUS
[Tycts Ha [a,b]=[Xo,Xn] M1 3amanHOlM TabmuuHOW QyHKIMU f MmoMyueHa uHTEp-
MOJISIITMOHHAS popMyIIa:

f(x)~Pn(x), x<[a,b].
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Oyuknus f tocTarouHOe YUCIIO pa3 HeMpepbIBHO AU(GEepeHIIIpyeMa, eCTh BO3-
MO>KHOCTb MOJYYUTh OIIEHKY MOTPEIIHOCTH HE3aBUCUMO OT CIIOoc00a MOCTPOCHUSI MH-
TEPHOJIAIIMOHHOTO MHOTOwWIeHa. [Ipu 3TomM ocTarouHslii uneH R, onpenensieTcs: Tob-
Ko yHKIuei f 1 BBIOOPOM Y3710B HHTEPIIOIMPOBAHHS.

R, = () -FR,(x), (7.4)

T.€. MHOTOWICH CTETICHH N, OH PaBEH B y3JIaX WHTEPIOJIAINHA CaMOi (PyHKITUH, a
BHE y3JI0B MOKHO 3aITHCATh OIEHKY Ry, XapakTEepU3yIONIyI0 TOYHOCTh MPUOIMKCHHUS.

Teopema:

Ecnu 1(X) (n+1) pasz ougpgpepenyupyema na [a, b] u cooepacum yznor unmepno-
auposanusi Xo, X1 .. Xn, mo VX € [a, b] cywecmeyem makas a< & <b, umo evinonns-
emcs

CW(X) ¢ ey
R, = 1D f(8),

20e W(X)= (X-Xo) (X-X1)... (X-Xn).

JlokazarenbCT BO:

Beegem BcriomorarenbHyo GyHKINIO, KOTOpasi paBHa

u(x) = f(x) - R, (x) —kw(x),

rae K - Hekuit mocTossHHBIN K03 duiueHt. OueBuaHO, uTo U(X) umeeT (N+1) Ko-
PEHb U COBIAJAET B y3J1aX UHTEPHOIALUU (KOPHU Xo X; .. Xn).

[Tox6epem K T.0., uTo0OB1 U(X) umena (N+2) kopus. Hatinem x* € [a, b], ynosie-
TBOPSIOIIUN COOTHOILIEHHUIO:

f (x*)—P,(x*)—kw(x*)=0. (7.5)

Bripazum k:

o FO=PR.0)
w(Xx*)

w(x*) =0, T.€. Ha KOHIIaX OTPE3KOB, B y3/1axX Mojay4aeM, 4To GpyHKIus U oOpara-

eTcsl B HOJIb N2 paza:

[Xo0, X1] [X1, X2] ... [Xi, X*] [X*, Xi+1] ... [Xny Xn-1],
KOJINYECTBO OTpe3koB (N+1), T.e. mo Teopeme Poisisg Ha KakJI0M OTpe3Ke B HOJIb 00-
pamaercss mpousBogHas U’'(X)=0, T.e. oHa mmeer (N+1) xopueii; U’ (X)=0 umeer N
KopHe#. T.0., mocnenoBarelibHO, MPUMEHSIA Teopemy PoJsi, MoayduM B HEKOTOPOU
touke Ee[a,b], B koropoit u™?(£)=0.

, (7.6)

[Mpuyem w™(&) =(n+1D)! u P™(£) =0, T.0., MBI UIMEEM B HEKOTOPO# Touke & M3

(7.5):
f (&) -k(n+D!1=0
Haiinem k:
1
(n+1)!
fO)-R.(*) _ F()
wixx)  (n+D!

[Tosmyyaem ocTaTOYHBIN YICH:

[MoncraBum B (7.6):
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B f(n+l)(é:) N
R”(X)_—(n+1)! wW(x*) . (7.7)

T.x.  3aBUCHT OT X W JIGKUT BHYTPU MHTEPBaJIa, TO HAWJCHA BEPXHSA TPaHUIIA
OCTaTKa MHTEPIIOIAIMHU (OHA 3aBUCUT OT BEIOOpA y3JI0B).
O1ieHKa UHTEPITOAINN
M
R (X)) | f(x)—P,(X) | —2 |w(x)], 7.8
IR, (X) = f(X)—P, ()] (n+1)!| ()1 (7.8)
re My, =max | f*9(x)].
as<x<

7.4. UnTepnoasinuoHHbIN MHOTO4JIeH Jlarpan:ka
[Tycth ncxomuas cerounas Gpyukums fi =f(x;) 1=0,1,..., n 3agana B (N+1) y3max
[x0, xn], B 00IeM ciiydyae He PaBHOCTOSIIMX. Torga MHOrouwieH JlarpaHxa uMmeer
BUJI:

P =Yk (0f, .

Haitnem ko3 unmentsr ly .
[Toctpoum muOrOuwIeH I (X), paBHBIN 1 IpU X=Xk U HYJIIO B OCTAJBHBIX y3JIaX Xo,
X1y «oe; Xkl X kt1, .., Xn. T.K. MHOTOUJICH B y3JlaX JOJDKEH UMETh KOPHH, TO OH MOXECT
OBITh Pa3JIoKEeH HA MHOKUTEIIH:
I (X) = c(X-X0) (X-X1)... (x-Xk-1) (X-Xk+1)... (X-Xn),
K03 dunmeHT € onpenenum u3 yciaosus ly (Xg)=1.
1=c(Xk-Xo) (Xk -X1)... Xk Xk-1) Xk “Xk+1)... (Xk-Xn),
|k (X): (X—XO)(X—Xl)...(X—Xk_l)(X—Xk+1)...(X—Xn) )
(X = %) (% = X1) - (% =X ) (X = Xpeg) - (X = X,)
BBenem MHOTOUWICH cTenieHn N+1 (C y4eToM cueTa OT HyJis) C KOPHSAMH B y3J1aX
UHTEPIOJISIIMA U €0 IPOU3BOIHYIO B TOUKY X,

W(X) = (X=X, )(X—X;)-..(X—X,,) ,
W (%) = (X = Xo) (K = %) (X =X ) (X = Xpe,0)- (X — X))
w(x)
(X=X )W (%)’

P00 =L 01 (5)
PO=> (). (7.9

0 (X=X W' (%)
Muosxutenu lx (X) Ha3pIBatOTCS MHOMCUMensmu Jlaepansica WA JarpaH>KeBbIMU
KO3 QHIMEHTaMH, OHH IOKa3bIBAIOT BIMSHUE Y3J0B Ha 3HAYEHHE MHOrOWIcHa. B
KO3 PHIMEHTaX OTCYTCTBYIOT (PYHKIHH, T.€. HX MOYKHO BBIYHCIHMTH OTACIBHO, IS
TOOBIX (DYHKITHIA.
Eciu KoaM4uecTBO y3710B YBEIUYHTh HA 1, TO KaKJ0€ CllaraéMoe B MHOTOYJICHE
HAJI0 MEePECYUTHIBAThH 3aHOBO. JTO TPeOyeT YCOBEPIIIEHCTBOBAHUS BUIa MHOTOYJICHA.

Torma 1, (x)=
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7.5. Koneunrnle pa3HocTn

[Tycts u3BecTHO 3HaueHue GyHkmMU Y=f(X) B paBHOOTCTOSIIMX TOYKax. Apry-
MeHT npoberaet 3HaueHue npu K=0,1,2,...,n, h>0, x=xo+kh.

bynem rosoputh, uro TOrma 3amaHa TaOmauna ¢ykiuu f(X) ¢ marom h ¢
HayvaJIbHBIM apTyMEHTOM Xo U KOHCUHBIM Xy,

Yucna Ayo = Y1 — Yo, Ay1 = Y2 — Y1, AY2 = Y3 — Y2 Ha3bIBAIOTCSA KOHEYHBIMU Pa3-
HOCTSMH.

KoHeuHble pa3HOCTH BTOPOTO MOPSIKA:

A2yo = Ay1 —A Yo, A2y1 = Ay —A ya,...
Koneunsie pasnoctu (K+1) — ro mopsiaka:
Ak+1y0 - Aky1 —Ak yO; Ak+1Y1 - Akyz —Ak yl .-

MOHO HAaWTH BBIpaXCHUE JUIsI KOHCUHBIX Pa3HOCTEH JIF0OOro mopsijika depes
3HAYCHUS QYHKIIUU.

AYo = Y1 — Yo,

A%Yo = Ay1—A Yo,=( Y2 — Y1) — (Y1 — Yo) = Y2 — 2Y1 + Yo.

KoHeunble pasHOCTH 00JIaal0T CBOWCTBOM JIMHEHHOCTH:

1) Eciiu F(X)= af(X), roe o — mocrosiHHas, TO

AF(X)= o Af(X).

2) KoHeuHast pa3HOCTh CyMMbI JIByX (YHKIIMI paBHa CyMMe KOHCUHBIX Pa3HO-
CTEH claraéMbIx

FO)=f(x)+9(x),

AF(X)= Af(x)+ Ag(x.)

KoHeuHble pa3HOCTH SBJISIOTCS aHAJIOTOM ITPOU3BOIHBIX.

Teopema: Koneunas paznocmes om MHO20UIeHA cmeneHu N AGIAemcs MHO20Yle-
Hom cmenenu N-1.

Paccmotpum P(X)=x¥.

CocTaBuM pa3HOCTh

AP = (x+h)* —x* = khx** +@h2xk2 +...

ITepBoe craraemoe pasnoxuM 1mo omHomy HeroToHa.

[Ipensioxenune qoka3aHo.

DTO BEpHO I JI000r0 MHOTOUYJIEHA HA OCHOBAaHUU CBOMCTB 1 U 2, T.K. mpous-
BOJIbHBIA MHOTOWJIEH CTPOUTCS C MTOMOIIBI0O CYMMbBI U YMHOKEHHUSI HA KOHCTAHTHI.

Koneunast pa3HOCTh Mmopsi/ika N OT MHOTOYIEHA CTENEHU N paBHA MOCTOSIHHOM
BEJIMYMHE, U BCE PA3HOCTU 00JIe€ BHICOKOTO MOPSAKA PaBHBI HYJIIO.

CymectByeT (hopMyia aHAJIOTUYHOTO psina Teisiopa, KoTopas AaeT MpeCcTaB-

JICHUEC 3HAYCHUA (pYHKLII/II/I 4Cpe3 KOHCYHLBIC Pa3HOCTH:

k k(k =1
Y, =y0+£Ayo+%A2yo+...Akyo.

7.6. PaznesieHHbIE pa3HOCTH
WNuorna n3BecTHBI 3HAYCHUS (PYHKITUU 711 HEPABHOOTCTOAIIUX 3HAUCHUN apry-
MeHTa. Torna mpuMEHSIOTCs pasjelieHHble pasHocTu. [lycTs 3amaHa Tabnwima is
HEPaBHOOTCTOSIIUX APTYMEHTOB Xg X1 ... Xp.
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Paznenennelie paznocru:
f () = D= 10D,

X, =X
f (X1| XO) = M )
X, — X,
9T10 YI'JIOBEIC KO3(1)(1)I’IHI/I€HTLI xopn rpa(bI/IKa (byHKLII/II/I,
f (X, X 7X1) = 3172 2 ’
31 A2 —
f(Xy, X, %) = f(XzaX;):;(Xi,XO) |
2 0

[To pa3nmeneHHBIM Pa3HOCTSM TEPBOTO MOPSIKA OMPEACISIOTCS pa3iciiCHHBIC

Pa3HOCTH BTOPOTO MOPSIIKA:
AHATOTHYHO ONPEIENSIOTCS Pa3HOCTHBIC OTHOIIICHHUS TPEThEro MOPSIKa:

): f(X3,X2,X1)— f(lexvxo)

(X3, Xy, X;, X N~
OnHu 001a1a10T CBOMCTBOM JIMHEHHOCTH:
1. PasnoctHoe otHOmIeHne cymmbl F(X)=f(X)+g(X) paBHO cymme pa3HOCT-
HBIX oTHOIIeHUH cimaraembix f(X) u g(X): F(Xi,Xi-1)=f(Xi,Xi-1)+g(Xi,Xi-1).
2. Ecmu F(X)= af(x), roe o — korcranTa, 10 F(Xj+1,Xi)= of(Xi+1,Xi).
Pa3HOCTHBIC OTHOIICHUS SIBIISIOTCS aHAJIOTOM TIPOU3BOIHBIX.
3. PasnencHHbIe pa3HOCTH MOPSAKA N OT MHOTOYICHA CTEIICHU N SBIIIOTCS

MMOCTOSIHHOM BCJ'IPI‘-IPIHOﬁ, " pasaciICHHBIC PAa3HOCTH 0oJiee BBICOKOTO IopssaAKa paBHBI

HYJTIO.
BrIpa3um pasjienieHHbIC pa3HOCTH JII00O0T0 Mmopsiika yepe3 3HadeHue f(X):
ooy = 1= 106) _ F06) | F00)
X =X Xo =X X =%
f(XZ,Xl,XO) — f(XZ’Xl)_ f(xl’XO) —
X, — X,
o A fe) | [ ) | feo ]
X =X (LK =Xz X=X Xo =X X =%
) ) ) [ 11 }z
(Xo - Xl)(XO - Xz) (Xz - Xo)(xz - Xl) Xo =X [ X=X X =X

N (€ M £¢) NN £¢. B
(Xo - Xl)(XO - Xz) (Xl - XO)(Xl - Xz) (Xz - XO)(XZ_Xl)
B O6H_ICM ciIy4dac pa3aCJICHHBIC PA3HOCTH IIOPAAKA n.
f(x)

F X X0) = D e T w )  —)

Ecau BBecTH 0003HaYCHUS 11 MHOTOWICHA CTENeHU N+1 ¢ KOpHSAMH Xo, X1, ...
W(X)=(X - Xo) (X - X1)... (X - Xn),
W (XK)=(Xk - Xo) ... (Xk = Xk-1) (Xk = Xk+1) +or (Xk = Xn),

Xn

TOT A
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F (X Xy 1ree X Xg) = Z”Xk

s W(X,)
Paznenennbpie pa3HOCTH SBISIOTCS CAMMETPUYECKON (PYHKITUEH CBOUX apTyMeH-
TOB.
Beipakenne ¢yukuun f(X) depes pasmeneHHble pasHOCTH (aHAIOr (GOPMYIIbI
Tetnopa):
f(Xk)=f(Xo0)+(Xk - Xo)f(Xo ,X1)+(Xk - Xo0) (X« - X1)f(Xo ,X1 ,X2)+...
+(Xk - X0) (Xk = X1) ... (Xk = Xk -1 )f(Xo X1, ..., XK).
HatimeM BbIpakeHHS Pa3CIICHHBIX Pa3HOCTEH B CIydyae paBHBIX IMPOMEKYTKOB
UHTEPIIOJISAIINH.
Ecnu aprymMeHTBI paBHOOTCTOSINNUE, T.€. Xk = Xo + kh, k=0,1,2,...,N.
KoHeuHbie pa3HOCTH TIEPBOTO TOPSIKA:
f (XO'Xl) — f (Xl) —f (Xo) — Af (Xo) ’
X, — X, h
f (Xl’ Xz) _ f(xz) —f (Xl) — Af (Xl) .
X — X h

Koneunnie Pa3HOCTH BTOPOIO IIOpsAOKa:

f(Xl,Xz)—f(XO,Xl) _il:Af (Xl) _Af (Xo):l_lAzf(xo)
X, — X, 2h| h h 20 h?

f (%%, %) =

[Tpu mr060M mopsizike:
A (%,)
klh*

F(Xgs Xy X ) =

7.7. UaTepnonsiunoHHbIi MHOro4/ieH HbroToHa
[TpuBenem erie oiHy hopMy 3aMUCU UHTEPIOJISIITUOHHOTO MOJTMHOMA.
bynem wuckaTh MHTEPIOIALUOHHBIA MHOIOWIEH N-CTENEHHM HAa PaBHOMEPHOMU
CETKE B BUJIE:
Pnl(x) =8 +a(X—Xg) +a, (X=X )(X= %) +...+ 8, (X =Xp)...(X= X, ;) -

KoaddunmenTsr ag, ...,an HAXOAUM U3 YCIOBUSI HHTEPIOJISIINU:
npu x=xo, P(xo)=ao=Yo:
IIPH X=X, P(x1)=yo+a1(x1-xo) =y — a1=(yl-yo)/h;
IpU X=X, P(Xz)=yo+a1(X2-Xo)+a2(X2-Xo)(X2-X1)=y2,
Ucnonb3ys TabiMuHble 3HAUEHUS Yk Uepe3 KOHEUHBIE pa3HOCTH:

Y1=Yo+yo,

Y2=Yo+24y0+A4%s,

Yn=Yo+ndyo+ Ay, +.t Ay,

n(n-1)
21

2
A,
>

2'h
AHajornyHo,

Haujgem a, =
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3 n
Ay, Ay,

By =—"7,..., &, =—".
3h nth
IloncraBum:
Ay Ay A'y
1
Pn (X) =Y, +TO(X_X0)+ 2'h§ (X_Xo)(X_X1)+---+ n'h: (X_XO)"'(X_Xn—l)' (710)

Muorounen (7.10) Ha3pIBaeTCs MEPBBIM HHTEPHOJSAIUOHHBIM MHOTOUYJICHOM
1 o
HeroToHa, a MpUOIMKEHHOE paBeHCTBO f (X) ~ P, (X),x € [a;b]— mepBoii unTepnomsnu-

oHHOM dopmysoit HeroToHa.
Ha npakTuke yalie Bcero ucnosb3yercs apyras gopma 3anucu MHOrouseHa P.

X — X
ITonoxum t = h°, wmw X =X, +th,

Torma x—x, =h(t-1),x—x, =h(t-2),...,x—x,, =h(t—n+1).
MHorousieH npumMer BUj

2 n
PY(X) = y, +tAY, + A;I'O tt—1) +...+A—>I'°t(t _1).(t-n+1).
! nt

[Tomy4yaeM BEIpaXKEHHs OCTATOYHOIO YJIEHA:
(n+1)
R,(x) = f ™ (c) (h Y t(t—1)...(t —n),(c e (a;b)).

C IIOMOIIBIO HepBOI/I HHTGpHOHHHHOHHOH Q)OpMYJ'IBI HrproToHa 0OBIYHO BBEIYMC-

astroT 3HaueHue f(X), OMM3KuX K Xo.
Bropoii HHTepHOAAIMOHHBIA MHOTOWICH HBIOTOHA MPUMEHSAETCS MPH BBIYKC-

JICHUW 3HaYeHUN QYHKIUM 1715 X, OTU3KUX K Xp.

A N
P00 = ¥y + 052 () I G Yk ) S () (),

niin
2 n
P2(x) =y, +tAy. +%t(t +1) +...+A—3|’°t(t +1)..(t+n—1)
! n

MHoOrouJieH Ha3bIBAETCS BTOPBIM MHTEPHOJIALIMOHHBIM MHOTOWIEeHOM HproTOHA,
2 ) v
a MpUOJIMKEHHOE paBeHCTBO f(X) =~ P, (x),x €[a;b]~ BTOpOli MHTEpHIONIALIMOHHOMN (oOp-

Mynoi HerotoHa.
OcTaTo4uHbIN 4ieH OyeT UMETh BUJT

(n+l)
(c) (nt )|t(t +1)...(t+n),(c € (a;b)).

(n+1)

R,(x) = f

7.8. AUHTepnoasinuoHHbIii MHOTOYWIeH HbI0TOHA HA HEPABHOMEPHOII ceTKe
[Tycth ucxonnas cerouynas QpyHkius y, = f(x),i=0,n 3amaHa Ha HEpaBHOMEp-

HOIl CeTKe Xo,...,Xn C maromM h,, =x,, —%;. Torna ans GyHKIHMOHATBEHON UHTEPIOS-
IIUU MOXXET OBITh MCIOJIb30BaH MHOTOWIeH HbIOTOHA, OCHOBaHHBIN Ha pa3JeeHHbIX
Pa3HOCTSIX:
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Py (X) = F (%) + (X=%) F (X0, X)) + (X=X )(X = X;) f (Xg, %, X;) +

Fo (X =X)(X=X) e (X=X ) T (Xgs Xpye s X))
MHorousieH OyeT coBImaaaTh ¢ PyHKIHEH B y3iax, mpu X=Xo, Pn(Xo)=fn(Xo).
[Ipu X=Xy,

Py (%) = F(X,)+ (% —%,) F (X, %) = T(X,) +f(x)1(z—f(x0)(xi —%y)=f(x)-

0
3ameuanue!

Mmnoeounen Jlacpamnsica:. BeibpaB m00yr0 (PYHKIIUIO, MOKHO JIETKO OLICHHUThH I0-
TPEITHOCTb.

Memoo Hviomona MeHee ynoOeH s TeOpeTHIecKoro uccienoBanus. [Ipu mo-
0aBJICHUW HOBOTO y3J1a MIPEIBIAYIINE CIaracMble OCTaHYTCs 0€3 N3MEHEHUSI.

T.k. ciaraemple BKJIIOYAIOT pa3JIeJICHHBIC Pa3HOCTH, PABHOCHIIBHBIC MTPOU3BO/I-
HBIM, TO OHH PacCIOJIOKCHBI B TTOPSIIKE MAJIOCTH. ITOT (PaKT AaeT BO3MOKHOCTH CY-
JUTH O TOYHOCTH U OIICHUTH IMOTPEIITHOCTb.

8. UuTepnossiuus criaiitHaMu

8.1. [TocTaHoBKa 3a1a4u
[TonmHOMMANTbHAS MHTEPIOJIALMS MOXET JIaBaTh 3HAYMTEIBHYIO IMOTPEIIHOCTh
Mexay y3iaamu. J{as Gotee mpaBUIbHOTO MoBeacHHUS Y(X) IPUMEHSIOTCS 3aJa4H dKC-
TPaIoJIMPOBAHUS, HAIIPUMED CILIAHHBI.

[lycts Ha oTpe3ke [a,b] 3amana TabmuuHasi QyHKus Y, = f(x) Ha ceTke Xo,
n-1
X1,...,Xn. Tpebyerca BocmomanTs €€ dynkmmeil S(x)=|JS,(x), onpenenennoit u me-
i=0
MPEPBIBHOW JO HEKOTOPOIro TMOPsAAKA IMPOMU3BOJHOM HA BCEM OTpe3ke [a,b], roe S, —
anreOpanyeckuii ~ MHOTOWICH,  OMNpEAEJIECHHbIH HAa  YaCTHUYHBIX  OTpe3Kax
[%,%..]1,i=0,n-1.

8.2. UHTepnoasiiMOHHbIH KyOHYeCKuil cruiaifH
PaccmoTpum 3amady BOCTIOJIHEHUSI 3aJaHHONM TaONMMYHON (yHKIIMK Ha O6a3e WH-
TEPHOJSAILMOHHOT0 KyOU4YeCcKoro cIijiaiHa.

Onpeoenenue:.

S(x) eC?[a, b] — unTEpIONAUMOHHBII KyOUYECKHUiA CILIAlH,

eclu

1. Ha [Xi, Xi+1] V 1=0,...,N-1 sBnsercs KyOM4ECKUM MOJTUHOMOM:

S(X) =S,(X) =@, +a, (x—%) +a,(x—x)* +a,(x—x)°,
V X € [Xi, Xi+1]
2. BrinonHseTcss COCTBIKOBKA MHOTOWIEHOB B y3J1aX UHTEPIOJISILUA BILIOThH
110 BTOPOM MTPOU3BOTHOM
S (x —0)=S"(x +0),r=012,
rae I — nopsIoK IPOU3BOJHOM.
3. BrinonHsieTcst yCioBUsSI MHTEPIIOJSALINN:
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S(x) =Y, i=0,..,N.

Jns onpenenenus (GyHKIUMU TMoHano0saTcs koddduimentol. Becero 4N Hews-
BecTHBIX. M3 (2) ycmoBus momydaem 3(N-1) ypaBaenuid, u3 (3) ycnosus eme (N+1).
JIJ1st 3aMBIKaHUST CHCTEMBI HEOOXOUMBI eIie 2 ypaBHEHHS, JJIS 3TOTO HCIOJIB3YIOT
IPaHUYHBIC YCIIOBHSI.

W3 ompenenenus cruiaifHa TOHSATHO, YTO BTOpas MPOM3BOJHAS — KyCOYHO-

nuHelHas pyukiwms. [loaTtomy o603HaueHne M, = S”(x.),i =12,...,N MOXXHO 3amucarh

(Xi+l_x) +Mi+1 (X_Xi) ’ (81)
h h

S"(x) =S/(x) = M,
Xe[X,X,] h =X.,—-X — wae, i=01,..,N-1

JBakbl mHTerpupyeM (8.1) miis HaxoxaeHus Beipakenue s Si(X), cogepxa-
IIETO JIBE IPOU3BOJIBHBIX ITOCTOSTHHBIX |

)3 IRVA:
S;(x)=M; M+ Mi+lu+cli(xi+l_X)+C2i(x_xi) - (8.2)
6h, 6h,
Haitnem KOHCTaHTBI U3 YCIIOBUSI HHTEPIOJISLIAN:
npu X=X Si(Xi)zyi ,
npu X=Xj+1 Si(Xi+1): Yi+1.
Haxonum
h?2 h?2
Mi?l_i_clihi =Y Mi+1FI+C2ihi = Vi (8.3)

[Moncrasum B (8.2), moyunm GopmyiTy KyOM4ecKoro crutaitHa Ha [Xi,Xi+1]:

X . —X)* X—x)° h? \x . —X h? ) x—x
Si(X)ZMi( H%h ) +Mi+1( 6h.|) +(yi—MiE'j th +£yi+1_Mi+1€|]Tl,iZO,I,...,N. (84)

s naxoxaenus M;, 1=0,...,N Ucrobp3yeM HeNPEPbIBHOCTD MEPBOM MTPOU3BO/I-
HOM criiaiiHa. Bo3bMeM mpon3BoiHyo oT (8.4) u npupaBHsIEM ee clipaBa | CjicBa:

S/(x) =M. %+ Miﬂ%—&-mi %J+[yhl —MM%) (8.5)
Ipu x=X;  Si’=S’is1,
S/ ,(x—0)= Mil%+Mi %eril,
S/ (x, +O)=—Mi%—MM%+di :
rae d, = f”lh__ f .

Teneps u3 ycnoBus S, ,(x; —0) =S, (x; +0),i =1,...,N —1nonydaem cuctemy u3 (N-
1) ypaBHEHMIA:
h,M._, +2(h_,+h)M, +hM,, =6(d,-d_,), =1, ..., N-1. (8.6)
Cuctema (8.6) siBisiercss HemoompeneaeHHON, Tak Kak coaepkut N-1 ms
HaxoxaeHus N+1 HensBecTHBIX. J[7151 3aMBIKaHUS 3TOM CUCTEMBI UCIIONIb3YEM MPHUBE-
JICHHBIE BBIIIE YCIOBUSI.
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B nmpocreiiem citydae HakiIaJabIBAIOTCS HYJIEBBIE YCIIOBUS HAa BTOPYIO MPOU3-
BOJIHYIO, T.¢. Mo=y,,MN+1= Y, , TOJIy4nM CHCTEMY ypaBHCHHIA:
1 0 0 0 M, y(')
A O | I 8.
0 thz Z(thz +hN—1) hN—l M N-1 G(di _di_l)
0 0 0 1 M y;]
]_IJ'ISI pemICHUA CHUCTCMbI OTHOCHTCIIBHO M 3¢)¢)€KTI/IBHO HUCITIOJIB30BATh MCTO/
TpeXTO"IeIIHOfI IIPOIrOHKH.
Hcnonb3yroTest KpaeBble YCIIOBUS Ha MEPBYIO TPOU3BOIHYIO:
S'(%0) = Yo S'(X,) =Y
NJIn
6 ,
2Mo + Ml = h_[do - YO]v
o
6 1.
M N-1 +2M N :h_[yN _dN+1]'
N+1
Torna nonyuum cucremy:

6 :
2 1 0 0 (M, (o = ¥o)
h, 2(h,+h) h 0 My 8(d, — d,)

0 hN 2 2(hN—2 +hN—1) hN—l MN—l 6(dN _dN—l)
0 0 1 2 My i(y;V —d,,)

N-1

Memoouka nocmpoenus UHMeEPnOIAUYUOHHO20 KYOUUeCcKo20 Cnaaitna

1. ChopmupoBaTh 3aMKHYTYIO CUCTEMY OTHOCHUTEIHLHO HEOMpPEIeNeHHbBIX KOd (-
¢buruenTos (8.7).

2. Pemmth cucteMy METOJI0M IIPOTOHKH, HAWTH HeompeaeeHHbIe KodduineH-
TBI.

3. CopmupoBaTh MHOTO3BEHBEBYIO yHKIHIO (8.4).

0. I/IHTepHOJIﬂ[[I/Iﬂ METOAOM HAMMCHBIIUX KBaJApaTroB

9.1. ITocTanoBKa 3axa4u
Omnpenenenre Buaa (yHKIHMOHAIBHBIX 3aBUCHUMOCTEH, MOJy4acMbIX B (hH3ude-
CKOM 3KCIIEPHMEHTE, UMeeT BakHOe 3HaueHue. TaoOmuma yi=f(Xj)+& umeer dopmy
JIOMaHOHM, HO JKCIIEPUMEHTATOP IPEIIoJiaracT, Ha OCHOBE MPAKTHUYECKOI'O OIIbITA,
4yT0 (DYHKIMSA JOJDKHA ObITh Iiiajgkoi. Ha mpakTuke yaoOHO MpeACTaBUTh HCKOMYIO
3aBUCUMOCTH B BHJI€ MHOTOYJICHA:

fo(X,@)=Y a9, =a,9, +a,0, +...+28,9,, (9.1)
j=0
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TJe a,,..,a,- HEM3BECTHBIC KO UIIMEHTHI, { g, }- 3aJaHHasl CHcTeMa 0a3MCHBIX
¢byskuii. B kadecTtBe 0a3MCHBIX (QYHKIMHA MOTYT BBHIOMPATHCS, HAIPUMEp, CTEIICH-
Hble  (QYHKIUWA, TOJMMHOMBI  YeOwlmieBa, TPUTOHOMETPUYECKHE  (DYHKIUH
{9;}={cos jx}.

VYcaoBusi corjacoBaHUsi METO/A CTIQXUBAHUS — METOJI HAaUMEHBIIUX KBajpa-
TOB:

Jii[fmm,a)— fOOF > min (m=<n);. (9.2)

n+14<s
OTMETUM OTIUYUTEIbHBIE OCOOCHHOCTU PEIICHMS 3a7a4M CTIaKUBAHUSI METO-
JIOM HaMEHBIINX KBaJApPaTOB:
1. Metoa MHTEPHOJISIIMY - 3TO TOYHBIN METO/I, TaK KaKk TPeOYeT BHINOIHE-
HUSI YCIOBUW MHTEPNOISAIMUA. MeTo] HauMEHbBIIINX KBAJApaTOB TPEOyeT BHIOJIHEHUS
YCIIOBUS COOTBETCTBUA f u Yy, B CpECIHEM.

2. Ncxonnas QyHKIMs 3a7aHa HETOYHO, C OOJIBIION MOTPENIIHOCTHIO, MO-
ATOMY HET HEOOXOIUMOCTH TPEOOBATH BBHITTOJIHEHHS YCIOBUS MHTEPIOJISLIUU.
3. KomnmaectBo Touek x;i (1=0,...,n), B KOTOPBIX 3a7aHa UCXOAHAS (PYHKIIHS,

3HA4YUTCIBbHO 60J'IBHI€, 4YCM CTCIICHb MHOI'OYJICHA.

9.2. MeToJ1 HAUMEHBIIIUX KBAJIPATOB
KpuBas BbeiOMpaercst Takum o0pa3zoM, YTOObI CPETHEKBAIPATUYHbBIE OTKIOHEHUS
OBLIIM MUHUMAJIbHBIMH.
IlycTh 3aganbl 3HaYeHUsT QYHKUUHA Yo, Y1, ..., YN B Y3IaX Xo, X1, ..., XN -
g(X) — MHTEPIOIAIMOHHAS (PYHKIIUS.
HyxHo, yT0oOBI cpeHEeKBaApaTUUHAs MTOTPEIIHOCTh B KaX/I0H TOUYKE ObLIa MHU-
HUMaJbHa!

£=3 Jg(x) -y - min. (9.3)

OyHKIMIO ¢(X) BEIOMPAIOT B BUJE JUHEHHON KOMOMHALIMKU MOAXOAAIINX (PyHK-
LIHM:
g(x)=a191(X)+az02(x) +... + ag(X). (9.4)
Ecnu ¢i — crenennsle pyHKIuH, Toraa g(X)=aiX+ax>+... +ax .
JUi HaX0XI€HNS MUHUMYMa MOTPEIIHOCTH BO3bMEM MTPOU3BOIHYIO!

E:0,i =1..k,
aa,
NiIn
oE n
8_ = ZZ(algl(Xi) +"'+akgk(xi) - yi)gl(xi) =0,
a, i=0
(9.5)
OE n
P 2 (a9, (%) +...+a, 9, (X)) = ¥;) 9, (%) =0.
ay i=0

Jlanee pemnraem cucteMy JIMHEWHBIX YPaBHEHUW OTHOCUTEIHHO KOA(DHUIIMEHTOB
dg.
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ng(xi) Zglgz(xi) Zgl(xi)...gk(xi) a, Zi:gl(xi)yi
| L | s . (9.6)
Zgl(xi)gk(xi) ng(xl) a, ng(xi)yi

CreneHp moauHOMA JOJDKHA OBITH HE OOIbIIIE 3aJIaHHOT'O KOJIMYCCTBA Y3JIOB.
Hcnonvzosanue opnio2OHAIbHbIX NOJIUHOMOE
OpTOFOHaHLHIﬂe ITIOJIMHOMBI 06J'IaI[aIOT CBOMCTBOM:

Zgi(xi)gk(xi) =0,

IpY TIOCTPOSHHUH ANMPOKCUMHPYIOMIEH (YHKIIUU HCIOJIB30BaTh Ji — OPTOTO-
HAJIBHBIC TIOJTMHOMBI TIPOU3BEICHUS TIPH 174,
T.€. MIOJIyYUM JHArOHAIBHYIO MATPHILY:
2.9/(x) 0 a | | 2600y
0 Z 95 (%) |

0
0 ng(xi) a ng(xi)yi
BBIpaBHM KOHCTAHTEI.

igj(xi)yi

aJ =In—.
ng(xi)

Ilpumenenue cmenennvix QyuKyuil 6 Memooe HaUMEeHbUUX K8AOPaAmos
B xauectBe 6a3uCHBIX (YYHKITUH UCIIOIB3YIOTCS CTCTICHHBIC:
9;(x)=x', J=0,...,m.

Torna
n 1la, +(Zn:xi ja1+....+[ 3 x,’"jam :Zn:y,,
i=0 i=0 i=0 i=0
S o (3o ot B o = S 9.7)
i=0 i=0 i=0 i=0
( 3 x,'“jaO +(Zn:x,“”1ja1 +... +[Zn:x,2m]am = Zn:x,my,,
i=0 i=0 i=0 i=0
O06o03HaUYNM

So=n+1, to=Yo+y1+Yy+ Yy,
S = X6+ X X5+ + xSk =1,...,2m,
to =X Yo + XY, XY, +o XSy k=1, m.
[Tonyunm cucremy:
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(9.8)

Sy + Syt Spp @y =1t

m+1

Memoouka peutenus 3a0auu C2Haxcu6aHus
1. Beruuciute xkoddduimentsr s,k =01...,2m;t .k =0,,...,m IO 3aJaHHON Tab-

JUYHON (YHKIMH U 3armucath cuctemy (9.8).
2. PemmTh MOJTYYCHHYIO CHCTEMY JIMHEWHBIX YPaBHEHUW OTHOCHUTEIBHO KOA(-
(ULUEHTOB a,a,,...,q,,

3. 3ammcarh UCKOMYIO CTIIaKUBAIONIYIO PYHKIUIO g(X) =a, +aX+...+a,X".

3ameuanue!

1. Ecnu n=m, Torna nojiydeHHbI MHOTOYIEH COBIAJAET C UHTEPHOJIAIIU-
OHHBIM MHOTOYJICHOM.

2. B kaXaoM KOHKpPETHOM Cilydyae MOKET CYIIECTBOBATh ONTHUMaslbHas
CTEIeHb M, 3aBUCSIIASA OT YKclia N U BU1a 0a3UCHOMN (YHKITUH.

10. YncjieHHOEe HHTETPUPOBAHUE

10.1. O61ue HHTEPNOJIALHOHHBbIE KBaApaTypHble (POPMYJIbI
B npunoxxeHusx MaTeMaTUKU OJTHOM M3 HanbOOJee 4acTO BCTPEUAIOIIUXCS 3a1a4
ABJISIETCS] BBIYUCJIEHUE ONPENEIEHHOTO UHTErpaia OT HEKOTOPOM UHTErpUpPyEeMOM Ha
otpeske [a,b] pynkmmm f(X).
Boruucnuth ornpeeieHHbI HHTErpajil BO3MOXKHO 10 hopMyIie

[ f()dx =F (b) - F(a), (10.1)

riae F(X) — mepBooOpasHasi, e€ onpeaeieHue BO3MOXKHO B PEIKUX CIydasX.

UuClIeHHBIMU METOJIaMU MPUOJIMKEHNE K WHTErpaiy OTHICKMBAETCS IO YHCIIO-
BOMY BBIPOKEHHUIO HAa OCHOBE 3HAYCHUUN MOABIHTETPATbHON (DYHKIIMH B KOHEYHOM
MHOKECTBE TOYEK M3 OTpE3Ka MHTETPUPOBaHMS. Takoil croco0 BBIUMCIECHUN YaCTO
Ha3bIBACTCS MEXAHUYECKOW KBaJpaTypoM, COOTBETCTBYIOIIME MPHUOIMKEHHBIE (Pop-
MyJIbl Ha3bIBalOTCS (hOPMYJIaMU YUCIIEHHOTO MHTEIPUPOBAHUS WJIU KBaJIpaTypHBIMU
dhopmysiaMu, a UCTOJIB3YyEeMbIE TIPU ATOM apTyMEHThI (PYHKIMM — y3JaMu KBaJpary-

PBL
b n
I fOQdx~ > AP f(x"™)+R,, (10.2)
a k=1

TJI€ Xk — Y3716l KBaAPaTypHOH (GOpMyJIbI.
A — k05 PpULIMEHTBI KBaZPaTYPHOI (POPMYIIBL.
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f(x) — menpepeiBHas QyHKIUSA, UHTETPAT B JIEBOW YacCTH JUIS TakoW (yHKIIHU
CYIIECTBYET.

Rn(f) — ocTaTouHbIi diieH.

V37161 HyMEpYyIOTCS B IOPSAKE BO3pACTAHUS:

X1 W<xW< L <x ™.

[TpomMexyTOK UHTETPUPOBAHUS MOXKET OBITh U OECKOHEUHBIM.

OOt TOAX0J] K pEIICHHUIO 3a/1a41 3aKJIF0UaeTcsl B pa30OMeHUH oTpe3ka [a,b] Ha
MHOKECTBO OTPE3KOB MEHBIINX Pa3MEpPOB W BBIUYUCIICHUS MHTErpajia, Kak CyMMEI,
NPUOJIMKEHHO BBIYMCIICHHBIX IUIOMIA/IEH MTOJIOCOK, TIOTYYCHHBIX MPU TaKOM pa3ome-
HUH.

Cxema BBIYUCIICHUI METOIOM YHCICHHOTO HHTETPHUPOBAHUS:

bepyT HatypanbHOe 9uciio ne N, oTpe3ok [a8,h] pa3ouBaroT Ha N paBHBIX YacTeit

o b-a o N
OJIMHAKOBOW JJIMHBI h = —— (11ar pa3OueHus ), U3 KaxJa01 YaCTH BEIOMPAIOT Y3IIbI §,,
n

BBIUMCIISAIOT 3HAYCHU f(X;) ¥ MPUMEHSIOT KBaJpaTypHyto ¢opmyiy (10.2).
Yucnobie KOAP(GUIMEHTBI A ONPENESIOTCA MPHU BBIBOJAE KaXI0M KOHKPETHON
dbopmyibl. OCTaTOUHBINA YJICH R, —>(0. OT0 03Ha4YaeT 4eM MEHbUIE Mar pa3OueHus,

nN—o0

TeM KBajparypHas ¢hopmysa TOUHEE.

[Ipu pemiennuy 3aaa4u YUCICHHOTO UHTETPUPOBAHUS C 3aJaHHON TOUHOCTBIO
>0 HeoOX0IMMO OIIPEACIUTD YUCIO N, TPU KOTOPOM R, < €, UTO paBHOCUIILHO BbI-
00py Takoro 1mara, Korja kBajaparypHas Gopmyia obecrieunBaeT TOYHOCTb €.

10.2. IIpocreiinue KBaapaTypHbie (POpPMYJibI
10.2.1. @opmyna npamoyzonrvnuka
Pazo0beM oTpe3ok [a,b] Ha N paBHBIX YacTel TOUKAMU Xo<X1<X2<...<Xp, KaKIas

o b-a
IMHOW h =——. PaccMOTpuM OWH U3 MHTEPBAIOB. [lmomane, gexantyro mnoja Kpu-
n

Boit y=f(X) Mexny x,ux,,, OyaeM MPUOIMIKEHHO BBIYHUCIATH KaK IUIOIAAb MPSIMO-

i+171

YTOJIbHHUKA:
b
[ £00dx~h(f (%) + F )+ + F(x,)) (10.3)
- opmyra mpsSIMOYTOJILHUKA C JIEBBIMU OpAUHATAMU;

b
[ £O0dx = h(F (%) + (%) +..+ £ (x,)) (10.4)
a
- (hopmyrna mpsSMOYTOJILHUKA C TIPABBIMHA OPIMHATAMH,
B3sB 3HaueHne (GyHKIUHU B CepeiMHE OTpe3Ka, MOIyYUM (GOpMyTy C LIEHTpallb-
HBIMH OpJIMHATaMH.
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Oyenka nozpewnocmet

JIJist osy4eHusl OLEHKHU MOTPEIIHOCTH MOHAA00STCS CIENYIOUUe TEOPEMBI U3
Kypca MaTeMaTH4eCKOro aHaInu3a.

Teopema 1 (emopas meopema bonvyano-Kowu). Ilycmo pynxyus F nenpepwig-
Ha Ha ompeske [a,D], a uucna m u M — ee naumenvwee u HauborbULCe 3HAUECHUS HA
[a,b/. Tocoa ons moboco uucna C, 3axnouennoco mexcoy m u M, naiioemes mouka
c €[a,blmakasa, umo f(c)=C.

Teopema 2 (aooumuenocms unmeepana). Eciu a=x,<x,<..<x,=b, mo

i f(x)dx = Zn: XI f (x)dx.

i=L x,
Teopema 3 (0606wenHas meopema o cpeonem 3naveHuu unmeepana). Ilycmo:
1) ¢ynxyus f(x) menpepwvisna na ompeske [a,\b], @yuxyus §(X) unmeepupyema
Ha 3Mom ompesKe,
2) ¢pynxyus Q(X) ne mensiem 3nax na écem ompeske [a,b].

Tozcoa cywecmgyem mouxa c €[a,b] maxas, umo
b b
j f(x)g(x)dx = f (c) j g(x)dx.

Tlonyuum oyenxky nocpewinocmu 051 KBAOPAMypHoOU (hopmyibl NPAMOY2OIbHUKAL.
Teopema 4. Ecau noovinmeepanvuas ¢ynkyus f(x) umeem na [a,b]Henpepwvis-

HY10 npou3eooHyio f', mo oyenka noecpewHocmeti popmyn 0aemcs HepageHCmeoM
(b-a)’

R, <M , 20e M =max|f'(x)|. (10.5)
2N [a.b]
Jloka3zarenbCTBO:
ITycth oTpe3ok [a,b]pa30UT Ha N paBHBIX YacTei [Xo,X1],[X1,Xz2], ... , [Xn-1, Xn],

. b-a
Kaxias JJIMHOU h = ——.
n

BosbpmeM mm000# 0Tpe3ok [X i1 ,Xi] (i=1,2,...,n). i BCIKOTO X U3 HEr0O HaimeT-
Csl 3aBUCSAIIEE OT X YUCIIO ¢, €[X,,,X] Takoe, uto f(x)= f(x,_,)+ f'(c/)(x—X,,) (Teope-
Mma Jlarpanxa). Toraa
[ F09dx=hf () + [ £(c)(x—x,)dx.
K uHTErpany B mpaBoil 4acTU MOKHO IPUMEHHUTH TEOPEMY 3:

X Xi 2

[ £0O0dx=hf (x )+ F/(c;) [ (x=x)dx=hf (x ;) + f '(ci)h?

CJ10kMB JIEBBIE W TIPABbIC YACTH MIPH i =12,...,n ¥ BOCHOJIb30BABIINCH TEOPEMOM
2, OJTYy4YUM:

b _ 2 ’ ’
[ £00dx =h(F (xg) + £ () ot F(X,,)) + (bza) S+ + 1C)
! n n

Cpennee apudmerndeckoe 3HadeHUE QYHKIUU f' HAXOIUTCS MEKIY
HaMMEHBIIMM U HAaMOOJBIIUM 3HAYEHUSIMU Ha [a,b]u paBHO f'(C) 111 HEKOTOPOTO
c €[a,b] (o Teopeme 1). CnenoBaTenbHoO,
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R, = O~ tre)cela b))
2n

Takum 00pa3oM, MOTYUMIH OLIEHKY MOTPENTHOCTH KBaApaTypHOU (OpMYIIbI
MPSMOYTOJIbHUKA.

10.2.2. @opmyna mpaneyuu
Pa3o0pem OTPE30K [a,b] Ha N paBHBIX YAaCTEHU TOUKAMH Xo<X1<X2<...<Xp, Kax1Ias

JUIMHOU h = b—Ta, u HarigeM y, = f(x)(i=01...,n). Ha kaxmgom oTpeske [x,,, %] OyHK-

o f(X) 3ameHnM 1o TIepBO¥ MHTEPIOISIIIMOHHOM hopMmyiie HpfoToHa Yepe3 KoHed-
HBIC Pa3HOCTH:

| -1

f(X) ~ Y, +tAYy,,, TIe t= A =Y = VYia

Torna

X;
+
j f(x)dx ~ hj(y,1+tAy,th~r1%4é RIERPIY
Xi—1
CknaapiBasi MOYJIEHHO MPUOJMKEHHBIC paBEeHCTBA MpU i=01,...,n, B CUIy aj-
JTUTUBHOCTH MHTETpaa MoaydyuM (popmyiy Tpareuuu:

jf@NszX%?i+w+m+yH)

Ha pucyHke noka3aH reoMeTpUYECKUi CMBICI 3TOM popMyiibl. BMecTo KkpuBo-
JMHEMHON Tpamenuu paccMaTpuBaeTcCsi (pUIypa, COCTaBICHHASI U3 MPSIMOJIUHEHHBIX
Tparenuii ¢ OCHOBaHUSIMH Y;, y;,, Y BBICOTO h.

fx)

F(x)

Oyenka noepewHocmu
Teopema 5. Ecnu T7(X) nenpepuvisna na [a, bj, mo ons keadpamypnoii ¢hopmynol
mpaneyuu hopmyna oCmamo4Ho20 YjieHa Umeem 6Uo:
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)3
Rnst(b a;) , 20e M, = max|f"(x)|.
12n [a.b]

JlokazaTenbCTBO:
ITycth [X,_,,%,]— IPOU3BOJBHBIA OTPE30K M3 pa3bueHus [a, ] Ha N paBHBIX Ya-

o b-a o
cteit ¢ marom h=——. [lonb3yschk GOpMyIOi OCTATOYHOTO YJIEHA I MOTUHOMHU-
n

AJIBHOTI'O I/IHTepHOJII/IpOBaHI/IH, HOJ_Iqu/IM:
f(X) — h yi—12+ yi + f (Ci )

(X =X )(X=X;),rme ¢ e[x,_,,%].
[IpounTerpupyem JIEByI0 U npaByIO 4acTh Ha OTpe3ke [x, ;,x;]. Tak kak
3
[ = xoe=-"

MOJTy4YUM

Vet Y £ s
Xif_lf(x)dx—h - TRECE Lt )

[IpocymMupoBaB JieBble U MpaBble YACTU PABEHCTB Mpu i=01...,n, MOTy4UM
OILICHKY MOTPEIIHOCTH JJis1 (GOPMYJIIBI TPATICIIUU:

_ (b—-a)’ a) y .
R = Ton? f"(c)(c €[a,b].

n

10.2.3. @opmyna Cumncona
JIist npuOnm>keHus: MOABIHTErpaIbHON (QYHKIMK f(X) HA YaCTUYHOM OTpE3Ke

HCIIOJIb3YETCs KBAJIPATUYHOE UHTEPIOJIUPOBAHUE.
Pazo0beM oTpe3ok [a,b] Ha N paBHBIX YacTel TOUKAMU Xo<X1<X2<...<Xp, KaKIas

o b-a o .
JUIMHON h=——, u HauzaeM Yy, = f(x;)(i=01L...,n), HO Tenepb BO3BMEM YETHOE YUCIIO
n

n.

fx)
y=f{x)

N

Mo M1 M2 X
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Torma MOXXKHO paccMaTpuBaTh «CIABOSHHBIC» OTPE3KH [Xo,X2],[X2,Xa], ... , [Xn-2,
Xn] ¢ TpeMsl U3BECTHBIMH y3JIaMU M Ha HUX (GYHKIHUIO T 3aMEHSTH MEPBBIM HHTEPIIO-

JIIMWOHHBIM MHOT'OYJICHOM HrroTona BTOpOfI CTCIICHU.:
t(t—1)

f(X) =y, +tAy, + A? Yias

X—Xi_4
h

[IponHTerpupyeM BBIPAKEHUS:

t(t —1)
2

rae t= A =Y = Yia AZ)’i—l =Yia—2Yi +Yia-

t? —t

X 2
J. (yi—l +tAyi + A? Yi—1)dx = hJ.(yi—l +tAyi + A? yi—l)dt =
Iy 0

i-1
X

1 h
= h(zyi—l + ZAYH + gAZ Yia = g(yi—l + 4Yi + yi+1) = I f (X)dX.

Xi-1
Pe3ynbraTom cymMMupoBaHus NpUOIMAKEHHBIX paBeHCTB Oynet ¢popmyna Cumii-
COHa:

T f (x)dx zg[f (%) + 4T (%) +2F (%) +4F (%) +o+4F (X )+ F(x)]

ITpu n=2

Tf(x)dXzb‘T"’{f(a)+4f(a—;b]+ f(b)}

HMHTEPIIOJIUPOBAHUE M1apabdoIIon MO TPEM TOUKAM.
®opmyna CUMIICOHA 3HAYUTENBHO TOYHEE MPEABIAYIIUX KBaApaTypHBIX Gop-
MYyJ1, OLICHUBAsI MOTPEITHOCTH, MOKHO MOKa3aTh, YTO OCTATOYHBIN YJICH:
(b-a)° . )
R, =—"—0 £ (m), as<n<b
180n
Teopema 6. Ecnu npouzeoonas uemeepmozo nopsoka f — noovinmeepanshou

@yuxyuu nenpepwiéna na [a,b], mozoa:

(b-a)®
n SMy =, 20e M, = max|f ™) (x)].
180n* * hmm |

Ecnu oTeickanue 4YeTBepTON NPOM3BOJIHON MOJBIHTETpATbHOW (YHKIIMH 3a-

b
TPYAHUTEIIPHO, TO OLICHKY IOTIPEIIHOCTH BBIYMCICHUS MHTErpaia J' f(x)dx mo ¢op-

a
MyJsie CUMIICOHA MOKHO MOJIYYUTh IO METOJY YIBOCHHUS I1ara BEIYMCICHUH.

[Tonarast n=4k, BRIUUCISIOT NPUOJIMKEHHOE 3HAUCHUE JAaHHOTO MHTErpasa o
¢dbopmyne Cumrcona s mara h=(b—a)/(4k). [lorpemHocts onpenenserca Gopmy-
JIOW:

o~ (l,—1,)/15,
rae |1 — HaliieHHoe 3HaueHue uHTerpaia npu mare h=(b—a)/(4k), I, — HailgeH-
HO€ 3HaY€HHE MHTEerpaja npu mare h = (b—a)/(2k).
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Memoouka eévluucieHus UHmMeZPana ¢ 3a0aHHO MOYHOCMbIO
1. Jlns mpaBoii yactu (GOpPMYJIbI OIIEHKH MOTPEIIHOCTA BBIYUCIUTH KOH-
cranty M, = max‘f (P) (x)‘. C ool nenpio HeoOxoauMo npoauddepeHIupoBaTh GyHK-
[a.b]
IO P pa3 ¥ BBIYKCIIMTH €€ MaKCMMalbHOE 3HaUeHHE Ha oTpeske [a,b], rue p- mops-
JIOK anmpOKCUMAIIHH KBaJAPaTypHOU (hOpMYITHI.

M M
2. N3 ycnoBus T"(b —-a)-h? <g rTme T" - KOHCTaHTa, BXO/ISINAs B MPABYIO

YYaCThb OLICHKHU HOFpeIHHOCTI/I, OHpeI[eJII/ITB BeJII/I‘-II/IHy h

3. I[To 3HaueHuio h BBIYKCINTL N — KOJUYECTBO pa3OueHuUil oTpeska [a,b] u
chopMupoBath  ceTouHoe  mpeactaBienne  ¢yHknuun - y=f(X), B  Toukax
a=Xp<X1<X2<...<Xn=b.

4, IToctaBuTh ceTOuHyI (GYHKIMIO B MPAaBYK YacTh COOTBETCTBYIOIICH
KBaJpaTypHOU (HOpMYJIbl U BEIYUCIUTh UCKOMOE 3HadyeHue. [Ipu 3ToM 3HaueHue uH-
TCrpaia B CUIIY CIIPaBCIJIMBOCTHU OICHKH YAOBJICTBOPACT BaHaHHOﬁ TOYHOCTU.
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JlabopaTopHBbIil NPAKTHKYM
[enbto 1a60pPaTOPHOIrO MPAKTUKYMA SIBISIETCSI YCBOCHUE M 3aKPEIJIEHUE TEope-
TUYECKOr0 Marepuaia, IpuoOpeTeHNe NPAaKTUYECKUX HABBIKOB MPUOIMKEHHOIO pe-
IIEHNs MaTeMaTUYECKHX 3a]1a4 C TOMOLIbI0 COOTBETCTBYIOIIMX YHCIEHHBIX METOOB.
[IpuBeneHsl ceMb 1a0OPATOPHBIX pabOT, OXBATHIBAIOLIUX BCE pa3Jieibl U3y4aeMoOro
Kypca. X MO>KHO BBINOJIHATH B KOMIIBIOTEPHOM 3aJI€ HJIM CAMOCTOSITENIBHO.

JlaGopaTopHnas padora Nel
Memoowl pewtenusn HeTUHEIHBIX YPAGHEHUT

Heo0xoanmble cBeieHus U3 Teopuu (cM. 111.2-3)

1. ITocranoBka 3angaun.

2. Oransl NpUOIMKEHHOTO PELICHNs YPaBHEHUN ¢ OJJHUM HEU3BECTHBIM.

3. Otnenenue KOpHeEH.

4. VY ¢a0BUS IPUMEHEHUS METO/1a PEIICHNS HEIMHEWHBIX YPaBHEHUN.

5. ANTOPUTM pelIEHUs] HETUHERHOTO YPAaBHEHHSI METOJOM ITI0JIOBUHHOTO
JCJICHUS.

6. ANTOpPUTM pellIeHUs] HETUHENHOTO YPABHEHHSI METOJOM XOP/I.

7. ANTOpPUTM pellIeHUs] HETMHENHOTO YPAaBHEHHSI METOJOM IPOCTBIX UTE-
panuii.

8. AJNTOPUTM pELICHHs HETUHENHOTO YpaBHEHUS MeToA0M HproTOHA U €To
MOAN(PUKALIUEH.

9. ANTOPUTM pellIeHUs] HETUHENHOTO YPAaBHEHUSI METOJOM CEKYILUX -
XOpJI.

3aganue

OTtpenure KOPHU 33JJaHHOTO YPABHEHMSI, COTJIACHO BapuaHTy U3 Tabi.1, u

YTOYHUTE MX OJHUM M3 METOJOB € TOYHOCTBIO 10 €=10" . PemmTh ypaBHEHUS METO-
JIOM MOJIOBUHHOTO JIEJICHUS, METOJIOM HbIOTOHA U METOIOM MPOCTHIX UTEPALUU.

Tabiuua 1. YpaBHeHusi 10 BapuaHTAM

1| cos(x +05)-x=2 |9 |[sin(x +1)-x -1=0
2 | sinx—2x=1 10 | 2x+1tg(x)=0

3| cosx—(x-1)*=0 11| (x-=6)>+Inx=0

4 | xIn(x+1) =1 12 | xIn(x+2)=2

5| 2x +cos(x )=0 13| 2Inx-05x+1=0

6| x*+e*=2 14| x* —3sinx=0

7 | 5sinx=x 15 | sin(x+1) =0.2x

8 | xIn(x+2) =1 16 | cos(x+0.3) = x>
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Hopaook evinoanenusn padvomeol
Otpenute rpaguyecku Bce KOPHU YPaBHEHUS.

1. CocraBbTe METOAUKY PELICHUS HEIMHEHHOTO YPABHEHUS I METOAA
IIOJIOBUHHOTO JeeHus, MeToJa HproToHa, MeToa IPOCThIX UTEpaLUi.
2. CocraBbTe IporpaMMy YTOYHEHHS KOPHSI METOJOM IOJIOBUHHOTO JEJIe-
HUS C TOYHOCTBIO JI0 €, BBIBOJSIIYIO PE3YJIbTAThI B TAONIHILY:
N an bn bn _ an
rzie a, by — KOHIIBI BIIOKEHHBIX OTPE3KOB.
3. CocraBbTe porpaMMy YTOUHEHHS KOpHs MeTooM HbloToHa 1 MeTo10M
IPOCTBIX UTEPALMH C TOUHOCTBIO JI0 €, BBIBOSIIYIO PE3YJIbTaThl B TAOIUILY:
N Xn Xn+1 Xn+1 —
Xn
4, Haiinure Bce KOpHU ypaBHEHMS U BBIUIIUTE UX C BEPHBIMU 3HAKAMM.
S. CpaBHUTE METOBI PELICHNS HETMHENHBIX YPABHEHUH IO CKOPOCTH CXO-
JTUMOCTH.

KOHmPOJleble eonpocasl:

1. IlocTranoBka 3anauu.

2. Oraribl peleHus HEJTMHEHHbBIX YPaBHEHUM.

3. AHnanutuyeckuil cnoco0 OT/eIeHHsI KOPHEN ypaBHEHMUS.

4. ['eomeTpuueckuii cnoco0 OT/EIeHHsI KOPHEHN paBHEHUS.

5. JIOCTOMHCTBA ¥ HEJOCTATKU METO/1a ITOJIOBUHHOIO JICTICHUS.

6. CxomuMocTh MeTO/A MOJOBUHHOTO JIEJIEHUS U XOPJ, OLEHKA CKOPOCTH
CXOJUMOCTH METOJIOB.

1. JlocTonHCTBa M HEAOCTATKU MeToAa HproToHa.

8. Cxomumocth Metoaa HbroTOHA, OLIEHKa CKOPOCTH CXOAUMOCTH METO/A.

9. JIOCTOMHCTBA M HENOCTATKU METOAA ITPOCTON UTEPALIH.

10. CxoauMocTh MeToa MPOCTHIX UTEPALIHA, OLIEHKAa CKOPOCTH CXOJAUMOCTHU
METO/a.

11. I'eomeTpuyeckast UHTEpIpETALUS METOOB.

Ypoenu 3aoanui

Vposenw 1. (25 6annos)

Hanucars nmporpammy perieHust HEIMHENHBIX YPABHEHUNA METOJA0M ITOJIOBUHHO-
r0 JICJICHUS.

N oTBETUTH HA KOHTPOJIBHBIE BOIIPOCHI.

Vposens 2. (25 6amnoB)

Hanucares nporpammy perieHuss HeIMHENHBIX ypaBHEHUNM MeTo0M HbroToHa.

N oTBETUTH HA KOHTPOJIBHBIE BOIIPOCHL.

Vposens 3. (25 6annoB)

Hanucars nporpammy perieHuss HEIMHEWHBIX YPAaBHEHUW METOAOM IIPOCTON
WUTEpPALNH.
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N oTBeTHTH HA KOHTPOJILHBIE BOMPOCHI.
JlabopaTropnasi pa6oTa Ne2

Memoowl peutenun HeTUHEHHBIX YPAGHEHUIL
Heo0xoanmble cBeieHus U3 Teopuu (cM. 111.2-3)

1. TlocranoBka 3amaydu.
2. DTanbl IPUOIMIKEHHOTO PEIICHUS YPaBHEHUHN C OJJHUM HEU3BECTHBIM.

3. OTtnenenne KOpHEH.

4, Y cnoBrs NPUMEHEHNS METO/IA PEILICHNS] HEIMHENHBIX YPABHEHUN.

S. AJNTOPUTM pELICHHS HETUHEWHOTO YPAaBHEHUS METOAOM IIOJIOBUHHOTO
JEICHUS.

6. ANTOPUTM pelIeHNs] HETMHEHHOTO YPABHEHHSI METOJIOM XOP/I.

7. ANTOpPUTM pelIeHUs] HETMHEHHOTO YPAaBHEHHSI METOJOM IPOCTBIX UTE-
panui.

8. ANTOpPUTM pelLIeHNs HEITMHEHHOTO ypaBHEHHsI MeTo10M Hpr0TOHA U ero
Mo U uKaImei.

9. ANTOPUTM pelIeHUs] HETUHENHOTO YPABHEHUSI METOJIOM CEKYILUX -
XOpUI.

3ananue

OTnenuTe KOPHU 33JaHHOTO ypaBHEHUS, COTJIACHO BapUaHTy W3 Ta0m.2, |

YTOUYHHUTC UX OAHUM M3 MCTOAOB C TOYHOCTBIO OO 8:10_4 . Pemure YPaBHCHUA MCTO-
JOM ITIOJIOBMHHOTO JCICHUA, MCTOOOM HrroTona n MCTOAOM IIPOCTBIX HTepaHHﬁ.

Ta6auna 2. YpaBHeHuUs1 10 BAPHAHTAM

1 | cos(x +05)—x=2 13 | sin(x +1)—x -1=0
2 | sinx—2x=1 14 | 2x+tg(x) =0

3 | cosx—(x-1>=0 15| (x=6)*+Inx=0
4 | xIn(x+1)=1 16 | xIn(x+2)=2

5 | 2x +cos(x )=0 17 | 2Inx—05x+1=0
6 | x*+e*=2 18 | x* —3sinx=0

7 | 5sinx=x 19 | sin(x+1) =0.2x

8 | xIn(x+2)=1 20 | cos(x+0.3) = x>
9 | 2cosx—x=2 21

10 | cosx—(x—2)°=0 22

11| xIn(x-1)=1 23

12| 2x +cos(2x)=0 24

Ilopsaook evinonnenus pabomot
1. Otrnenure rpaduvecku Bce KOPHU YPAaBHEHUS.
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2. CocTtaBbTe METOAMKY PEIICHUSI HEIMHEHHOTO YpaBHEHHs ISl METO/AA IMOJIO-
BUHHOIO J€JIeHUs, MeToAa HeroTOHa, METONa IPOCTHIX UTEPALIUA.

3. CocraBbTe nporpaMMy YTOYHEHHUS KOPHS METOJOM IIOJIOBUHHOIO JEe-
HUS C TOYHOCTBIO JI0 €, BBIBOJSIIYIO PE3YJIbTAThI B TAOIHILY:
N an b b — an
rzie an by — KOHIIBI BIIO’KEHHBIX OTPE3KOB.
4, CocraBbTe porpaMMy YTOUHEHHS KOpHsI MeTo0oM HbloTOHA 1 MeTOI0M
MIPOCTBIX UTE€PALIMI C TOYHOCTBIO J0 €, BBIBOJSAIIYIO PE3YJIbTATHI B TA0JIUILY:
N Xn Xn+1 Xn+1 —
Xn
5. HalimuTe Bce KOPHU YPaBHEHHUS U BBIIIUIIUTE UX C BEPHBIMU 3HAKaMH.
6. CpaBHUTE METOBI PELICHNS HETMHENHBIX YPABHEHUH IO CKOPOCTH CXO-
JTUMOCTH.

Konumponwvuwvie gonpocwi:
1. IlocTaHoBKa 3a1ayu.
2. DTambl pelIeHns HETMHEWHBIX YPaBHEHUH.

3. AHAJIUTUYECKUN CTIOCOO OT/IENICHUS] KOPHEN ypaBHEHHS.

4. ["'eomeTpuueckuii cnoco0 OT/EaeHHsI KOPHEHN paBHEHUS.

5. JIOCTOMHCTBA U HETOCTATKU METOA IIOJIOBUHHOTO JCIICHUS.

6. CxomuMocTh METO/A MOJOBUHHOTO JIEJIEHUS U XOPJ, OLEHKA CKOPOCTH
CXOJIMMOCTHU METOJIOB.

7. JIoCTOMHCTBA U HeoCcTaTKu MeTtoaa HeroTona.

8. Cxomumocth MeToaa HproTOHA, OLIEHKa CKOPOCTH CXOAUMOCTH METO/A.

Q. JIOCTOMHCTBA M HEAOCTATKU METO1a IPOCTON UTEPALUH.

10. CXomuMOoCTh METO1a IMTPOCTBIX UTEPALIANA, OLIEHKA CKOPOCTH CXOAUMOCTH
METO/a.

11. I'eomeTpuyeckast UHTEpIpETALUS METOOB.

Ypoenu 3aoanui

Vposenw 1. (25 6annos)

Hanucars nmporpammy penieHust HEIMHENHBIX YPABHEHUNA METOA0M ITOJIOBUHHO-
r0 JICJICHUS.

W oTrBETUTH HA KOHTPOJIBHBIE BOIIPOCHL.

Vposenw 2. (25 6annoB)

Hanucares nmporpammMy penieHust HeIMHEWHBIX ypaBHEHNU MeToqoM HproToHa.

N orBETUTH HA KOHTPOJIBHBIE BOIIPOCHL.

Vposens 3. (25 6annoB)

Hanucars nporpamMy peleHuss HEIMHEWHBIX YPAaBHEHUNW METOAOM IIPOCTON
WUTEpPaALIUH.

N oTrBETUTH HA KOHTPOJILHBIE BOMPOCHI.
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JlabopaTopnas padora Ne3
Memoowt peutenusn cucmem JTUHEHUHBIX YPAGHEHU

Heo0xoanMble cBeieHusl U3 Teopuu (cM. 111.4)

1. ITocTanoBKa 3a1aun.

2. IIpsiMbIe METO/IBI pELIEHUS CUCTEM JIMHEWHBIX YPAaBHECHU.

3. NrepanrioHHbIE METOIBI PELIEHUS CUCTEM JIMHEWHBIX YPABHEHHM.
4, YcnoBus U CKOPOCTH CXOAUMOCTH UTEPALIMOHHBIX METO0B.

3ananue

W3 tab11.3 BEIOpATh JaHHBIE JIJIS1 CHCTEMBI IMHEHHBIX ypaBHeHH. HaliTu pere-
HHE 3TOM CUCTEMBI IIPAMBIM U IPHOIMKEHHBIM METOIAMHU C TOYHOCTEIO 110 £=1073,
BapuaHTbl HeueTHbIE PEIIUTh CUCTEMY YpaBHEHUH MeToaoM ['aycca ¢ BBIOOpOM
[JIABHOT'O DJIEMEHTA U METOJIOM IIPOCTBIX UTEPALIMM, YETHBIE BAPUAHTHI — METOJIOM
X0JECCKOr0 ¥ METOAOM MPOCTHIX UTEPALIUH.

Hcxoanas cucreMa JIMHENHbIX YPABHECHUIA:
Mx, —0.04x, +0.21x, —1.8x, =-1.24,
0.25x, —1.23x, + Nx, —0.09x, = P,
~0.21x, + Nx, +0.8x, —0.13x, = 2.56,
0.15x, —1.31x, +0.06X, + Px, = M.

Tab6auuna 3. JlanHble AJ151 HCXOAHOH CHCTEMBbI JTUHEHHBIX YPaBHEHU
10 BADHAHTAM

M N P M N P
-0.77 [0.16 [1.12 9 -1.13 | 0.14 [0.87
0.93 |0.07 |-0.84 10 1091 |-0.23 |-1.04
-1.14 |-0.17 |0.95 11 |-0.88 |0.1 0.91
1.08 |0.22 |-1.16 12 |125 |-1.14 |-1.09
0.87 |-0.19 |1.08 13 ]0.79 |0.18 |-0.86
-1.21 0.2 0.88 14 |-1.19 |-0.21 |1.21
1.09 |-0.16 |0.84 15 1089 [0.12 |-1.15
0.89 10.08 |-1.21 16 108 |0.22 |-1.16

O NO O WN -

Ilopaook evinoanenus padomul

1. CocraBbTe METOJUKY PEIICHHS CHCTEMBI TMHEHHBIX YPABHCHHH MPSIMBIM
METOJIOM COTJIACHO BapUaHTY.

2. CocTaBUTh IPOrPaMMy PEIICHHS CUCTEMbI YPaBHECHUH, BBIBECTH Pe3yJIbTa-
THI IPSIMOTO ¥ 0OPAaTHOTO XOJ1a METO1a.

3. TIpeobpa3oBaTh CUCTEMY K KAHOHUYECKOMY BHIY C BHITIOJIHCHUEM YCIIOBHS
CXOJUMOCTH UTEPAIMOHHOM MOCIIET0BATEILHOCTH.
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4. CocTaBbT€ METOJIUKY PEIICHUS] CUCTEMbI YPABHEHHU METOIOM MPOCTHIX
UTEpaLUM.

5. CocraBbTe MpOrpaMmy pelieHus] CACTEMbI YpaBHEHUM ¢ TOYHOCTBIO JI0 &,
BBIBOJIAIIYIO PE3YJIbTAThl B TAOJUITY:
N X1 X2 X3 X4 €n

6. Haiigure Bce KOpHU CUCTEMBI YPAaBHEHUH U BBIMTUIIINTE UX C BEPHBIMU 3HA-
KaMHU.

Konmponwvnwie eonpocul:

ITocTtanoBKa 3aa4u.

Hopwma Bekropa. Hopma matpuiis!.

[IprMep HOPMUPOBAHHBIX IPOCTPAHCTB.

Hopma matpuiibl, BeIpax€HHas 4epe3 JIIEMEHThI MaTPUIIBI.
[IpsiMble METOIBI PELLICHUS TUHEUHBIX CUCTEM YPaBHECHUM.
HrepanroHHbIE METOABI PELIEHUS] JIMHEUHBIX CUCTEM YPaBHEHMUM.
CpaBHeHUE NMPAMBIX U UTEPALUOHHBIX METOJIOB.

VYcnoBue xopoiei 00yCIOBIEHHOCTH MPSIMBIX METOIOB.
HckimrodyeHnst no CUMILIEKC — MPABUITY.

0. YcnoBre cXOAMMOCTH METOAA IPOCTON UTEPALIAH.

RO ~NOO~WNE

Ypoenu 3aoanui

Vposens 1. (25 6anoB)

HanwucaTe nporpaMmmy pelieHus: CUCTEM JIMHEMHBIX ypaBHEHUN MeTogom ['aycca
iy X0JIECCKOTO M METOJIOM IPOCTOr uTepauuu. OTBETUTh HA KOHTPOJIbHBIE BOIIPO-
CBI.

Vposens 2. (50 6annoB)

Hanucars nporpammy pelieHus CUCTEM JIMHEWHBIX YPaBHEHUM MeTo10M [ 'aycca
C BBIOOPOM TJIABHOTO 3JIEMEHTA IO CTOJIOIY W METOJOM MpocToi urepaiuu. OTBe-
TUTh Ha KOHTPOJIbHBIE BOTIPOCHL.

Vposenw 3. (75 6annoB)

HanucaTe nporpamMmmy pemieHusi CUCTEM JINHEVMHBIX YPaBHEHUN MeToAoM ['aycca
C BBIOOPOM TJIABHOTO AJIEMEHTa M METOJOM MpocTod urepanuu. OTBETUTh HA KOH-
TPOJIbHBIE BOITPOCHI.

JlaGopaTopHasi padora Ned

Haxoscoenue codocmeeHHbIX 3HAUECHUT MAMPUL b
Heo0xoauMmble cBeIeHUsI U3 TeOPHUH (CM. IJ1. 5)

1. ITocTanoBKa 3a1aum.

2. AJTOPUTM HaxOXJEHUS HAaMOOJBIIETO COOCTBEHHOTO 3HAYCHHS MaTpH-
1B
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3. AJTOpUTM HAXOXKJIEHHUS BTOPOTO HAaMOOJIBIIET0 COOCTBEHHOTO 3HAUYECHUS

MaTPHIIBIL.
4. Merton BpaleHui.
3aganue

Haiiti cOOGCTBEHHBIE 3HAYEHUS MATPULBI U3 Tabn.4 ¢ ToyHOCTBIO 10 £=1072 .
YeTHble BapyaHThl HATH COOCTBEHHBIE YKCIIA METOJIOM BpAIllCHUN, HEYETHbIE — Me-
TOJIOM UTEPALUN.

Tadoauua 4. MaTpuubl 1o BApuaHTaM

1[5 12 6 |16 07 08 11 |16 12 04
141 07 1.6 03 1.2 05 1.0
213 08 03 16 04 10 08

2 4 10 7 (25 1 15 12 |21 1 11
121 1 13 15 1 26 1.1
011 15 15 15 11 11 31

32 35 8 |17 08 09 13 |13 04 05
31 6 08 07 03 04 13 03
5 6 2 09 03 17 05 0.3 13

4 |12 20 05 9 |4 2 2 14 |22 1 22
20 14 1.7 2 5 1 1 27 12
05 1.7 03 2 1 6 22 12 32

5 (24 1 14 10/2 3 5 15 |14 05 06
1 23 14 31 6 05 14 03
14 14 34 5 6 2 0.6 03 14

16|23 1 13
1 28 13
13 1.3 33

Ilopsaook evinonenus padomot

1. CocTaBbTe METOJIMKY HaXOXJIEHUS COOCTBEHHBIX 3HAYECHU MATPHUIIBI.
2. CocTtaBbTe MpOorpaMMy HaxO0KJACHUS COOCTBEHHBIX 3HAUCHHUU MaTPUIIBI
METOJIOM UTEpalrii, BHIBOJISIIYIO PE3YyJbTAThl B TAOJUILY:
N 7\‘n }Ln+1 |}\«n+1 — }hn|
3. CocrtaBbTe MpPOrpaMmy C BBIBOJAOM MPOMEKYTOUHBIX MATPHII, HOJIyYECH-
HBIX METOJIOM BpAILICHU.
4, Haiinute Bce cOOCTBEHHBIC 3HAUCHHS MATPHUIIBI M BBIMMIIHATE UX C BEp-

HBIMH 3HAKaMH.

Konumponwsusie éonpocwi:
1. XapakTtepucTHyeckoe ypaBHCHHE.
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CoOcTBEHHBIE 3HAYECHHS] MATPUIIBI.

CoOcTBEeHHBIE BEKTOpPA MATPUIIBI.

Ciien MaTpulBbl.

[IpsiMoii croco0 HaXO0XKJIEHUSI COOCTBEHHBIX 3HAUYCHHIA.
OCHOBHBIC CBOMCTBA COOCTBEHHBIX 3HAUCHUM.

Haxoxaenus 00bIIero 1mo Moyt cOOCTBEHHOTO 3HAYCHUS.
JInst Kakux MaTpul] IPUMEHUM METOJ1 BpaleHus ?

KoHTpoap npaBUIIBHOCTH BBIYNCIICHHM.

CoNoORWD

Ypoenu 3aoanuii

Vposens 1. (25 6anoB)

Harmmcats mporpaMMy HaxoKIeHUS HAMOOJIBIIET0 COOCTBEHHOTO 3HaYeHH. OT-
BETUTh Ha KOHTPOJIbHBIE BOTIPOCHI.

Vposenw 2. (50 GannoB)

Hamucatp mporpamMmy HaxoJI€HHsI COOCTBEHHBIX 3HAUYEHHUU METOJOM Bparie-
HUl. OTBETUTH Ha KOHTPOJIbHBIE BOIPOCHI.

Vposenw 3. (75 6annoB)

Hamnucatp nporpamMmy Harucath HaXO0XICHUSI COOCTBEHHBIX 3HAUCHUM METOJIOM
nednsuuu uin metogoM RQ—pasznoxkenus. OTBETUTh Ha KOHTPOJIbHBIE BOIIPOCHI.

JlaGopaTopnasi padora Ne5
Memoowbt peuienua cucmem HeJTUHEHBIX YPAGHEHUIL

Heo0xoanmble cBeieHNsl U3 Teopuu (CM. 171.6)
1. TIlocraHoBKka 3ajaym.
2. YcloBUS NMPUMEHEHUS METOja JJIsl PelIeHUs] CUCTEMbl HEIIMHCHHBIX ypaB-

3. Merton HetotoHa.
4. MeTtox IPOCTHIX UTEPAIUH.

3aganue
Pemure cucreMy HEIMHENHBIX YpaBHEHUM METOA0OM HBIOTOHA M METOIOM IpO-
CTBIX HTEPALUii C TOUHOCTHIO 710 £=1073.

Ilopaook evinoanenus padomul

1. BriOepute HauanpHOE MPUOIMKEHHE, YIOBICTBOPSIONIEE YCIOBUIO CXO-
JTUMOCTH METO/IOB.

2. CocTaBbTe METOAMKY pPEIICHUS CUCTEMbl YpaBHEHUN MeTo10M HbroTOHA
Y METOAOM ITPOCTOM UTEPALUU.

3. CocrtaBbTe mporpaMMmy peEIICHUSI CUCTEMbl HEJIMHEWHBIX YpPaBHEHUH C
TOYHOCTBIO JI0 €, BBIBOJSIIIYIO PE3YJIbTAThI B TAOIUILY:
N X1" X2" €n
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4. Haiingure Bce KOpHM ypaBHEHUS U BBIUILINTE UX C BEPHBIMU 3HAKAMMU.
5. CpaBHHUTE CKOPOCTH CXOAMMOCTH MeToaa HbloTOHa M MeToaa MpOCThIX
UTEpaLUi.

Ta6auna 5. CucreMbl HeJIMHEHHBIX YPABHEHMI 110 BApHAHTAM
1 2xf—x2—1—o 9 | (sin(x, +1)—x, =1,
—-4=0; 2%, +COSX, =2;

2x +tg(x1x) 0, 10
(X, —6)° +Inx, =0;

~2x5 +1=0, 11
2x2 +2x,-1=0;

g
s
4 {sm(x L +1)—x,=1.2, 12
{
;
{

tg(x,x, +0.2) = X1
x1 +2x2 =1

cos(x, —0.5) —x, =2,
sinx, —2x, =1;

cos(x, +0.5) +x, =1,

2X, +COoSX, =2, sinx, —2x, =2,

sin(x, +0.5) —x, =1.2; cos(x, —1) +x, =1,
sin(x, -1)+x, =13, |14
sin(x, +1) +x, =0.8;
sin(x, +0.5) = x, =1, 15
cos(x, —2) + X, =0;
8 sinx, + 2x, =2, 16
{cos(x2 -1 +x, =0.7;

cos(x, +0.5) + x, =0.8,
sinx, —2x, =1.6;

Cos X, + X, =1.5,
sin(x, —0.5) + 2x, =1,

tg(xX, +0,4) = x1
06x +2x =1x >0,x, >0.

|
{
{
cos(x, —2)+x =0, |13 {smx1+2x =1.6,
{
;
|

KOHmPOJleble eonpocwsl:

1. ITocTranoBka 3agaun.

2. Martpuia SAxko0Owu.

3. ['eomerpuyeckuii cmocod otaeneHus: KopHed. Beibop HayanbHOTO NpU-
OJIKEHU .

4, VYcnosue cxonumoctu Metona HeroToHA, pellieHue HETMHENHBIX CUCTEM
YpPaBHECHUH.

5. JlocTonHcTBa M HemocTaTku MeToia HproToHa.

6. Haxoxnenne oOpaTHON MaTpUIIBI.

7. VYcnoBre CXOIMMOCTH METOAA MPOCTOM WTEpPALMM PELIEHUE HENMHEN-
HBIX CUCTEM YPABHEHH.

8. JIOCTOMHCTBA U HETOCTATKU METOAA POCTOM UTEPALIAH.

9. Merton 3etigens.

Ypoenu 3aoanuii

Vposens 1. (25 Gannos)

Hanucare nporpamMmy pelieHHsT CHUCTEM HEJIMHEWHBIX YPaBHEHHH METOJOM
npocTtoit ureparuu. OTBETUTh HA KOHTPOJIbHBIE BOIIPOCHL.

Vposens 2. (25 6amnoB)
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Hamucate nporpamMmy pemieHuss CHCTEM HEIMHEHWHBIX YPAaBHEHHW METOIOM
HprotoHa. OTBETUTH Ha KOHTPOJIBHBIE BOIIPOCHI.

Vposenw 3. (50 6annoB)

Hammcats nmporpaMMy pelIEHHs CHCTEM HEJIMHEWHBIX YPAaBHEHHM METOJOM
Herotona n MeronoM 3eineina. OTBETUTh Ha KOHTPOJIBHBIE BOIIPOCHI.

JlabopaTropnasi pa6ota Ne6
Honunomuanvnoe unmepnonuposanue

Heo0xoanmble cBeieHNsl U3 TeopuHu (CM. 1I1.7)

OO0mme mocTaHOBKA 33/1a91 MTOJTMHOMUAAIIEHOTO HHTEPIIOTMPOBAHMS.
OrnieHKa MOTrPeIHOCTA UHTEPIIOTUPOBAHUSI.

HNuTepnonsunoHHbI MHOTOWIEH Jlarpanxa.

Koneunsie pa3HOCTH.

Pa3HoCTHBIE OTHOLIICHUS.

NHuTtepnionsiunoHHble MHOTOWIEHBI HbIOTOHA.

okowdE

3aganue

Bocnonauts 3HadeHus: GyHKUIUU 3alaHHON TabinyHO (Tabu.6), MOCTPOUB MO-
nuHoMmbl Jlarpanka n Hetotona. Haiith 3HaueHue (GyHKIMM B 3aJJaHHBIX TOYKAX IO
BapuaHTaM B Ta0.7.

Tab6anua 6. 3Hayenus Ta0JAMYHONH PYHKIMHU 10 BApHAHTAM

BapUAHTHI | X; f; BapUAHTHI | X; fi

1-4 0.43 |1.63597 |9-12 0.68 | 0.80866
0.48 |1.73234 0.73 |0.89492
0.55 |1.87686 0.80 | 1.02964
0.62 |2.03345 0.88 | 1.20966
0.70 | 2.22848 0.93 | 1.34087
0.75 |2.35973 0.99 |1.52368

5-8 0.35 [2.73951 |13-16 0.02 |1.02316
0.41 | 2.30080 0.08 | 1.09590
0.47 |1.96864 0.12 | 1.14725
0.51 |1.78776 0.17 | 1.21483
0.56 |1.59502 0.23 |1.30120
0.64 |1.34310 0.30 | 1.40976

Tabauua 7. JlaHHbIe MPOMEKYTOYHBIX 3HAYEHU TOJTMHOMOB
10 BApDHAHTAM

a b a b

1/055/0.49|9 [0.80|0.70
0.75/0.58|10|0.88|0.85
3]10.62]0.65]11|0.99|0.95
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0.70

0.72

12

0.93

0.90

0.47

0.45

13

0.12

0.15

0.51

0.53

14

0.17

0.20

0.64

0.61

15

0.23

0.10

0N O~

0.56

0.49

16

0.30

0.25

Ilopsaook evinonnenus padomot

1. CocrtaBUTh METOUKY OCTPOEHUS OJIUHOMOB Jlarpanxa u HetoToHa.
2. CocTaBuTh MpPOrpaMMy BBIYHMCIICHUS] TPUOIUKEHHOTO 3HAUYCHUS U3 TaOm./
nosmHoma Jlarpanxa B TOUKax a,b.

3. CocTaBuTh NporpaMMy BBIYUCIICHUS MPUOJIMKEHHOTO 3HAYCHHS W3 TaOJI./

noarHoma HproToHA B TOUKax a,b.

4. OnpenenuTs NOTPEUIHOCTD.

KOHmPOJleble 60npocol:

1. ITocTtanoBka 3a1a4u.

2. [ToruHOMUAIEHOE UHTEPIIOIUPOBAHUE.
3.

4, Koneunsie pa3HOCTH.

5. Paznenennbie pazHocTHy.

6.

7.

8.

Q.

Ypoenu 3aoanui

Vposenw 1. (25 6annos)

Hanucate nmporpamMmmy mnoctpoenusi noiuHoma Jlarpanxa. OTBETUTh Ha KOH-

TPOJIbHBIE BOTIPOCHI.
Vposenw 2. (25 6anno.)

Hanucare nporpamMmmy nocrpoeHust noavmnoma HeroTOHAa Ha paBHOMEPHOM CET-

ke. OTBETUTH HA KOHTPOJIbHBIC BOIIPOCHI.

Vposenw 3. (25 6annoB)

Hanucare nporpammy noctpoeHusi noimHoma HprooTOHa Ha HEpaBHOMEPHOU

ceTke. OTBETUTH Ha KOHTPOJIBHBIC BOITPOCHI.

JlaGopaTopnas paGora Ne/

Cneuuaﬂbnbte Memoovl unmepnoiupoeanus

OI.[GHKa IMOTPCIIHOCTHU ITOJIMHOMHAJIBHOI'O MHTCPIIOJIUPOBAHHA.

[lepBas ¢popma nonuHoma HetoroHa. OLieHKa MOTPEIIHOCTH.

Bropas ¢popma nonmHoma HetoToHa. O1ieHKH MOTPENTHOCTH.
HNuTepnonsunonHeiii MHOTOWIEH Hpl0TOHA HA HEPABHOMEPHOM CETKE.
CpaBnenne nonuHoMoB Jlarpanka u HerotoHa.

Heo0xoaumble cBeeHus u3 Teopuu (cm. ri1.8, 9)

1. OOmas mocTaHOBKa 33724y MPUOIMKEHHS TAOTUIHBIX (QYHKITUAN.
2. Ilpubnmxenue Mo METoay HAaMMEHBIITUX KBAIPATOB.
3. [pubnmxenue mo Meroay KyOUYECKUX UHTEPHOSAIMOHHBIX CIUIaHOB.
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3aganue

ITo 3amanHOM Ta6.8 3HAUEHUN (DYHKIIUU MMOCTPOUTH MPUOIMKEHUS 110 METOY
HAaWMEHBIITUX KBaJIPaTOB U C MOMOIIBI0 KyOMYECKUX WHTEPIIOSIIMOHHBIX CILIaHOB.
HatiTu 3HaueHUs B 3aJaHHBIX TOUKaX.

Ilopaook eévinoanenus pabomol

1. CocTaBUTh METOIUKY TOCTPOCHHUS (PYHKIMHM 1O METOAY HAUMEHBIITHX
KBaJIPaTOB.

2. CocTaBUTh MPOTPAMMy BBIYHCICHHUS TMPUOIMHKEHHOTO 1O METOMIY
HAaWMEHBIIINX KBAJIPaTOB.

3. CocTaBUTh METOJIMKY IMOCTPOCHHS WHTEPTOJSIIMOHHOTO KyOUYECKOTO
CILJTafHA.

4, CocTtaBUTh TIpOrpamMMy BBIYUCIICHHUS MPUOIMKEHHOTO 3HAYCHUS B 3a-
JTAHHOM TOYKE WHTEPHOJSAIMOHHOTO KyOMUECKOTro CIIaiiHa.

S. Onpenenuth 3HAYEHUS MOJTYYEHHBIX (YHKIMNA B 3aJaHHBIX, B Ta0m.9,
TOUKax a,b.

Tab6uauna 8. Tabauunble 3HaYeHUsA GYHKIMH 110 BApDHAHTAM

BapuanTt
1 X 01 |03 0.4 0.6 0.7 0.8
Y 025 |05 0.65 ]0.55 042 |03
2 X -20 |-1.8 -1.7 -1.6 -14  |-1.3
Y 2.1 |4 3.2 3.9 4.8 6.1
3 X 13 |14 1.6 1.7 2 2.1
Y 24 |18 1.2 1.4 2.3 2.9
4 X 04 0.7 0.9 1.1 1.4 1.6
Y 0.15 /083 |1.65 [1.52 0.9 0.31
5 X 20 |25 2.7 2.9 3.2 3.4
Y -0.11 | -0.81 |-1.05 |-0.9 -0.23 | -0.05
6 X -05 |-0.3 -0.2 0.1 0.4 0.8
M 23 |12 1.05 |09 1.2 2.1
7 X 1.1 |2 2.5 2.9 3.5 4
Y 032 |0.05 |-0.1 -0.12 10.12 |0.27
8 X 03 |05 0.8 0.9 1.2 1.4
Y 1.1 |06 0.4 0.38 0.65 |0.9
9 X -04 |-0.1 0.1 0.2 0.5 0.7
Y 1.3 |35 4.2 4 2.8 1.6
10 X 12 |14 1.5 1.6 1.8 2.1
Y 09 |33 4.1 3.9 2.8 1.1
11 X -09 |-0.8 -05 |-04 -0.2 -0.1
Y 0.15 |0.61 |1.2 1.1 0.7 0.22
12 X -1 -0.8 -0.7 -0.4 -0.3 -0.2
M 1.4 109 0.65 |0.51 0.78 |13
13 X 02 1|03 0.5 0.7 0.9 1.2
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KOHmPOJleble 60npocol:

1.

2.

AOM HAMMCHBIINX KBaJApPaTOB.

3.

MEHHBIMU (QYHKUUSIMH.

4.

5.
6.

(GyHKIMU ¢ 3aIaHHOM B y3J1aX UHTEPIOJISAIINN?

Ypoenu 3aoanui
Vposenw 1. (50 6amnos)

Hamucats nporpaMMmy mocTpoeHusi KyOM4eCcKOro MHTEPIOJIAIIMOHHOTO CIIIaiHa.

OTBeTHUTH Ha KOHTPOJILHBIE BOTIPOCHI.
Vposens 2. (50 6annoB)

Hamuicatp

IIPOTPaMMy  MOCTPOEHUS

IPUOIMKEHUS

HaMMCHBIIWX KBAAPATOB. OTBeTUTH HA KOHTPOJIBHBIC BOITPOCHI.

JlaGopaTopHasi padora Ne§

YQucnennoe unmezpupoeanue

Heo6xoaumpble cBeneHust U3 Teopum (cM. ri1.10)
1. OOuue MHTEPIONAIMOHHBIE KBaApaTypHbIE ()OPMYIIHI.
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v -21 |-05 1.15 1.3 -0.6 2.7
14 X 2.2 2.5 2.6 2.8 3.1 3.2

Yy 1.7 0.8 0.52 0.3 0.91 15
15 X -0.3 |-0.1 0.2 0.3 0.7 0.9

vy 21 |13 3 2.4 -2.3 -8

Tabauua 9. JlanHble M0 BapuaHTaM
a b a B

1]0.35 0.49 9 |0 0.40

21-1.75 -1.58 10| 1.38 1.85

311.62 1.85 11]-0.85 |-0.6

410.75 1.25 12 | -0.6 -0.5

512.47 3.15 13104 0.6

6 | -0.55 0.53 14 | 2.37 2.80

711.64 2.61 1510 0.10

8 1 0.56 0.69

OO611ast mOCTaHOBKA 3a/1a4d NMPUOIMKEHUS TaOMUYHBIX (PYHKIMIT MeTo-
JIOM CILUIaiHOB.
OO011ast mOCTaHOBKA 3a/1a4d MPUOIMKEHUS TaOJUYHBIX (PYHKIMIT MeTo-

Oco0eHHOCTH TIPUOJIMKEHUSI IO METOJYy HAaWUMEHbBIIUX KBAaJpaTOB CTe-

OcobeHHOCTH TPUOIMKEHUE 10 METOLY KYyOMYECKUX HHTEPIOJISIIIMOH-
HBIX CIUIAHOB.
B uem npeumyIiecTBo U HEAOCTATKH METOJ0B?

TpeOytoTcs 11 coBmajieHWss B y3/aX 3HAYCHUNW HHTEPIIOIUPYIOUIEH

(GyHKIIUM  METOJ0M




2. Ilpocreitimme kBaapaTypHbie (OPMYIIBI.

3. Crporas olieHKa NOTPEUIHOCTEeN ATUX POPMYIL.

4. Ormnpenenenue mara paz0MeHHsl OTpe3Ka MHTETPUPOBAHMS, IMPU KOTOPOM
KBaJpaTypHas opMyia obecriednBaeT 3aJaHHYI0 TOUHOCTb.

3aganue
Breraucnure 3naucHue nHTErpaia u3 1adi.10 mo BapuanTam.

Ta6auua 10. UnTerpasibl no BapuaHTam

1 72 6 15 A 11 1 )
[ cos(L—2x)dx, [ @+ x+x"ydx, [ (x—e™)ax,
0 0 -1
2 15 7 3 . 12 1
Icos(x)dx, Ie *dx, I(3x+cos x)dx,
0 0 -1
3| %, 8 |2 13 2
Ie *dx, Iln(2x+3)dx, Ism(x +1)dx,
0 0 0
4 2 9 72 14 Vi
J'\/1+ xdx, jcos3xdx, j(sin X + x2)dx,
0 716 1
5|2 10| =2 15 P
'[ex’zdx, Isin 2xdXx, J}/x—ldx,
-1 0 0

Ilopsaook evinonenus pabomot

1. CocTaBUTh METOJIUKY PEILICHHUS.

2. CocTaBuTh MPOrpamMMy BBIUKCIIECHUSI HHTErpatia 1o GopmyJie Tparneuu npu
N=3 1 N=6, BBIYUCIUTH MOTPEIIHOCTH BEIYHCIICHHUS.

3. CocTaBuTh MporpaMMy BBIYUCIICHHS MHTErpana mno gopmyne CumriicoHa c
TOYHOCTBIO 10 =104,

4. CpaBHHUTE PE3yJIbTATHI.

Koumponwonwvie éonpocut:

OO01re UHTEePNOJIALIMOHHBIE KBAIpaTypHbIe OPMYIIBI.

®opwmynel HeroTona-Koreca.

[Ipocreiive kBaapaTypHble (OPMYJIbI.

O1ieHKa MOTPEIIHOCTEeH MPOCTEUIINX KBAAPATYPHBIX (OpMYII.

Kak ompenenutp mar pa3OueHus OTpe3Ka MHTETPUPOBAHUA, PU KOTOPOM
KBaJpaTypHasi popMyia 00eCrieUrBaeT 3aJJaHHYI0 TOUHOCTh?

agbrwhE

Ypoenu 3aoanui

Vposenw 1. (25 6amnoB)

Hamucatps mporpamMMmy BBIUKCICHUS HHTETpaia Mo GopMyie IpsiMOYTOJbHUKA
pu N=3 u N=6.

CocTraBuUTh MpOTpaMMy BRIUMCIIEHUS UHTETpasia Mo GopMyIie MpSIMOYTOIbHUKA C
TOYHOCTBIO 10 €=107.
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OTBeTUTH Ha KOHTPOJILHBIE BOTIPOCHI.

Vposens 2. (40 6annoB)

HanucaTp mporpamMmMy BBIYUCIICHUS MHTETpaja mo Gopmyse Tpamenuu mpu N=3
u N=06.

CocTaBuTh pOrpaMMy BBIUMCIICHHS MHTETpajia mo ¢GopMylie Tpameryu ¢ TOY-
HOCTBIO 10 £=107.

OTBETUTH Ha KOHTPOJIBHBIE BOTPOCHI.

VYposens 3. (50 6amnoB)

Hanucate mporpamMmy BbIYMCcIeHHS MHTErpajia mo ¢gopmyine Cumcona N=3 u
n=6.

Hammcatp nmporpamMMy BbIUHCIIEHUS WHTErpana mo ¢opmyne CHMIICOHA C TOY-
HOCTBIO 10 =107,

OTBeTUTH Ha KOHTPOJILHEIE BOTIPOCHI.

71



3apanus Ui NPAKTUYECKUX 3aHATHI

3aganue Ne 1

1. OTnenuTh KOPHU ypaBHEHHS aHAJIUTHYECKUM MeToAoM. PemmTh ypag-
HEHHME METOJIOM MPOCTOM uTepanuu. BeImoJHUTE nepseie 2 mara urepanuu. Cocra-
BUTH MPOrpPamMMy.

x—2x*—4x-1=0,
4x° —4x* +x—4=0.

2. Pemmnte cucreMy JTMHEMHBIX ypaBHEHUN METOIOM 3eiiiens. BBIIOTHUTS
IIepBbIE 2 111ara UTEPaLnH.

-1 2 -1 2
A=1 -1 2 |b=| 2]

-3 0 1 -2

1 0 5 11

10 1 -3 6
3. OTnenuTh KOPHU TpapUUECKUM METOI0M B YPAaBHEHUU:

cos(x +0.5)—x=2,
sin(x+1) =0.2x.

4, Pemmts cucteMy HEIMHEWHBIX ypaBHEHN MeTO10M HbrOTOHA.
2%’ — x> —1=0,
X, X> — X, —4 =0.
X, —2X; +1=0,
— X2 +2x, —1=0.

3amanue Ne 2

Jlana ta0suia 3HaueHui Gpynkuuu f(x):
X 2 4 5 10
f(X) 3 7 3 0

1. ITocTtpouts nmonuHoM Jlarpanxa. Berurcints 3HaueHue noivHoMa Jlarpanxka
B Touke x=1.5, f(1.5)-?

2. IToctpouts nmosmHoM HplOTOHA Yepe3 pas3acsiieHHble pa3HOCTU. Bbruuc-
JIMTh 3HAYCHUE TOTMHOMA B Touke x=3, f(3)-?
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3. CocTaBUTh MOAPOOHYIO METOAMKY HHTEPIOIHUPOBAHHUS 10 METOY KyOH-
YECKOTO CIUIaliHa ¢ TPAaHUYHBIMU YCIOBUSIMU: Yo =0, Yn’’=1. Beluucinurs 3HaueHHE
nojy4eHHou GyHkiuu B Touke x=5/2, f(5/2)-?

4. [TocTpouTh METOJOM HAMMEHBIIHMX KBAJPATOB AaNMPOKCUMHUPYIOIIYIO
byHKIUI0. Beraucants 3HaueHue GyHkun B Touke x=2.5, f(2.5)-?

5. CocraBuTh MOJPOOHYIO METOAMKY BBIYMCICHHS HHTErpaja 1o (opmyiie

1
CumricoHa mpu =8: J\/l+ x?dx.
0
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MGTO,Z[I/I‘{CCKYIO JIUTCPATypPy MOKHO HAWUTHU O IIaHHOﬁ JUCHHUIIJIMHE Ha calrax:
http://www.uchites.ru/chislennye metody/posobie
http://www.vargin.mephi.ru/book _pc_chisl.html
http://www.studfiles.ru/dir/cat14/subj94/page2.html
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EBrenns AnexcanapoBHa JlyaHuk

BbIUNCJINMTEJIbHAS MATEMATHUKA

VYuebHoe mocobdue M1 CTYACHTOB, 06yqa}01111/1xc;1 I10 HAIIPaBJICHUIO

«MHpopmaTHKa 1 BEIYHCIUTENbHAS TEXHUKA» JHEBHOU (DOPMBI 00yUeHUs

Penaxrop E.®. U30TOBa

[Moamucano k meuatu 05.06.15. ®opmat 60x84 1/16.
VYena. 4,63. Tupax 35 9k3. 3aka3z 151444, Per. No 75.

Otnevatano B UTO Py61ioBCckOro HHyCTpUATEHOTO HHCTUTYTA

658207, PybmoBck, yn. TpakTopHas, 2/6.
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